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ABSTRACT KEYWORDS

Albeit the past intensive research, the governing equation of  Diffusion approximation;
anomalous diffusion which is observed for the transport of  radiative transport equation;
particles underground is still an open problem. In this paper, ~time-fractional derivative
as a governing equation, the advection—diffusion equation

with a time-fractional derivative term is derived from the

radiative transport equation with an integral term for waiting

time.

1. Introduction

Anomalous diffusion has been observed in different phenomena (Metzler
and Klafter 2000). One example is mass transport in underground water
(Adams and Gelhar 1992). As another example, an equation with an add-
itional time-fractional term (Langlois, Farazmand, and Haller 2015) is
derived from the fluid dynamics in the Basset problem (Basset
1888a,b,2015¢, 1910; Boussinesq 1885). Aiming at reproducing experimental
results for mass transport in porous media, various partial differential equa-
tions with fractional derivatives have been proposed. The fractional advec-
tion—dispersion equation with time- and spatial-fractional derivatives was
proposed (Benson, Wheatcraft, and Meerschaert 2000). Fractional derivative
models were compared (Sun et al. 2017; Wei, Chen, and Hon 2016) and
parameters in fractional equations were estimated (Chakraborty,
Meerschaert, and Lim 2009; Kelly et al. 2017). Orders of fractional deriva-
tives were taken to be variables (Sun, Chen, and Chen 2009). Furthermore,
the distributed order time fractional diffusion equation was tested (Liang
et al. 2019). Trying to reproduce such anomalous diffusion, a multi-scaling
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tempered fractional-derivative model was proposed (Zhang et al. 2013).
The tempered anomalous diffusion model, which has a time-fractional
derivative, was used to analyze column flow experiment (Suzuki et al
2016).

By the comparison of the numerical solution of the radiative transport
equation and the observed concentration of tracer particles in a column
experiment, it was found that the governing equation at the mesoscopic
scale (i.e., the propagation distance, which is the column height, is compar-
able to the transport mean free path) is the radiative transport equation
(Amagai, Hatano, and Machida 2021; Amagai et al. 2020).

In this paper, we show that an equation with a time-fractional derivative
is asymptotically derived from the radiative transport equation with a wait-
ing time. The derived equation governs transport in diffusive regime, in
which the propagation distance is much larger than the transport mean
free path.

The radiative transport equation, which is a linear Boltzmann equation,
has been used in various fields. The diffusion approximation of the radia-
tive transport equation has been intensively studied. In addition to the
intuitive approach (Duderstadt and Martin 1979; Ishimaru 1978), The dif-
fusion approximation was considered with the asymptotic expansion in the
whole space (Ryzhik, Papanicolaou, and Keller 1996) and in the presence
of the boundary (Larsen and Keller 1974). Bensoussan, Lions, and
Papanicolaou explored the diffusion approximation in terms of homogen-
ization (Bensoussan, Lions, and Papanicolaou 1979). The diffusion approxi-
mation in the presence of boundaries was treated for the propagation of
elastic (seismic) waves (Bal 2001). Moreover, the Robin boundary condi-
tion, which is imposed on the diffusion equation, was considered with the
diffusion approximation (Bardos, Santos, and Sentis 1984).

The remainder of the paper is organized as follows. In Section 2, the
radiative transport equation with waiting time is introduced. In Section 3,
the Laplace transform is taken to treat the integral term for traps. The dif-
fusion approximation is considered in Section 4. Numerical solutions to
the two equations which are connected by the diffusion approximation are
compared in Section 5. Finally, concluding remarks are given in Section 6.

2. The radiative transport equation with waiting time

Let vy € R? be the velocity of particles and ¢ € R® be advection. The direc-
tion of the propagation of a particle is given by 0 = vo/|vo|, which is a
unit vector in S?. Let y(r,0,7) be the angular density of particles at posi-
tion r € R® in direction € S? at time 7 > 0. The initial condition is

imposed as
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Y(r,0,0) = a(r, 0),

where a is the initial distribution of particles. Let ®(t) be the survival
probability and o, 0, 6ap be positive constants. We consider the following

radiative transport equation in R?:

A~ Al

Poy(r, 0,7) + (0o + 05 + Ourap )Y (1,0,7) = O'SJ p(0- él)lp(r, 0, r)d@l
SZ
. (1)
+ Otrap J w(t = )W(r,0,7)dt + Gap®(7)a(r, 0),
0

where
Poy(r,0,7) = (9; + (vo +¢) - V)§(r, 0,7).

The scattering phase function satisfies fszp(@) : (9I)d9 = 1. In this paper,
04, 05 for absorption and scattering are assumed to be constant. The
waiting-time distribution w is described below.

For column experiments, breakthrough curves were reproduced using (1)
without 0, (Amagai, Hatano, and Machida 2021; Amagai et al. 2020). In
the case of gy,p = 0, we see that (1) governs mass transport if the particle
flow in complicated paths is regarded as the transport of particles which
undergo scattering (Amagai et al. 2020; Williams 1992a, 1992b, 1993a,
1993b). Although the column experiments were performed using uniformly
random beads and sand, it can be expected that in field experiments tracer
particles are trapped during the propagation or they propagate in an immo-
bile zone (Hatano and Hatano 1998; Schumer et al. 2003). This motivates
us to introduce terms with 6,y in (1). The coefficient oy,p on the left-
hand side of (1) counts particles which are trapped and the integral term
with 6, on the right-hand side means particles that were trapped at time
7' restart propagation at time 7.

A trapped particle reenters the flow after some waiting time or escape
time. The function w in (1) is the waiting time distribution. If each particle
immediately restarts the propagation even when it is trapped, the waiting-
time function is w(t) = 0(t), where J(-) is Dirac’s delta function. In this
case, terms with gy, on both sides of (1) cancel. In general, w(t) has a
decaying behavior as T grows. We have

O(7)=1- J w(t')dr'.
0
The term Gyqp®(7)a(r, 0) on the right-hand side of (1) is the source
term due to particles which are in dead-end pores at T = 0.
Recently, numerical simulation with dead-end pores was performed
(Bordoloi et al. 2022). The probability density functions of escape time
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obtained from trajectories of particles implies the power-law behavior of w(7).
Different power-law behaviors of the waiting time function were numerically
observed for different shapes of dead-end pores (Hou, Jiang, and Wu 2018).

In light of these past researches, let us assume that w asymptotically

decays as 7% where & > 0. Moreover we assume 0 < o < 1 for a long
tail of w. Let y > 0 be a constant. Examples of such function w include

w(t) = o 7) = —OC(V/T)& w(t) = aypg~ ()= (/D)",
® (1 +1/p)* ) r(l—l—(y/r)“)z, (0=

In all cases, [;° w(t)dt = 1. For large 7, they behave as

w(t) ~ ay*r~ 1+,

Let us introduce a nondecreasing function W(t) such that dW/dt = w
(0< 1< 00), Wel0,1), W(0) =0. Corresponding to the above examples
of w, we have

D=l 1 O=_ 1 1) = 0/’
B (T A 7 A

0<1<00.

3. Laplace transform

Let us investigate the solution to (1) on a large time scale. To this end, we
scale 7 as

t = et,

where € > 0 is a small number.
We write the solution of (1) as (Larsen and Keller 1974)

Y(r,0,7) = ' (r,0,7) + ¥ (r,0,7),
where V' is the interior part and '™ is the initial layer part. In particular,
a(r,0) = y'(r,0,0) + Y™ (x,0,0).
The interior part y/'(r, 0, 1) = Wi(r, 0,1) satisfies
PO,Etpi(r, 0, t) + (04 + 05 + atrap)lpi(r, 0, t)

N

— o[ (0 805,00
| plo- 00 o

t/e ¢ ) R .
+"“*‘PJ w(t t>l,b’e(r,0,t’)dt/+atrap(1)<£>a(r,0),
€

€

where
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Po i (r,0,t) = (0, + (vo +¢) - V) (r,0,1).

We write the Laplace transform of a function f(t) = f(z) as
(LF)(s) = J e (Hdt, s e C.
0
Let us take the Laplace transform for (2):
(LPo, ' )(1,0,5) + (0u + 05 + Ouap) (LY (1, 0, 5)
— .| plo-8)(o)w 8 a0
s?

a(r,@),

+ Otrap (ﬁW) (65) (‘Clp;) (l‘, éa 5) + Otrap %

where

(LPo,!)(x,0,5) = es(Ly)(x,0,5) — e (r,0,0) + (vo + ) - V(LYL)(r, 0, 5).

) =1- @

We note that W ~d (t — oo0) and for any A >0, d(Ar)/d(t) — 1 as
T — 00. We have for small s (Feller 1971; Karamata 1931),

@i ~d(2) =1- 09 s> @

We set

Since € > 0 is small, we can replace (Lw)(es) with 1 — (yes)”.

4, Diffusion approximation

Assuming slow advection, large scattering, small absorption, small trapping
rate, and large life time, we introduce € as

O Y
¢C— €, O0;——, 05— €0g Otap — €Otrap, Y — —-
€ €

Then we have
es(LY!)(r, 0, 5) — e (x,0,0) + (Vo + €c) - V(LY (r,0,5)
+ <eaa + % + eatrap) (LY!)(r,0,5) = %L (0-0)(Ly!)(r,0,5)db’
+ €Oteap (1= (7)) (LY (x, 0, 5) + €0irapy”s*'a(r, 0),
(4)
where we used (3). We will formally expand ' as
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Wi 0,7) = yi(r,0,t) = Ze”lpn(r 0,t
n=0

Let us set t; = 7/e. Since Y is responsible for the initial rapid change

of /, we require y'" to satisfy

(O, + €(vo + €c) - V)lﬁIL (r, 0, 'c) = (K —1) (ezaa + 0, + ezatrap)lpm (r, 0, r),

where I is the identity, and for a function f (0,7), operator K, is defined as

K00 = L[ p(0- 0@

€d, + 05/€ + eotrap

Guap wlt—1 )f(@, 7) dr.

€04+ 0/€ + €0yap Jo

The initial condition is given by
Y (r,0,0) = a(r,0) — ,(r,0,0) — Z (1,0,0).

In the limit of ¢ — 0, we have
oY (r,0,7) = (Ko — Dogp™(x,0,7),
where

Kof (0,7) = J p(0-0)F(0,0)db .

SZ

The initial condition is written as
Y (r,0,0) = a(r,0) — ,(r,0,0).

The largest eigenvalue of Ky is 1 (Dautray and Lions 1993; Larsen and

Keller 1974). Hence, Y'" does not vanish if the initial value is nonzero and
has a component proportional to the corresponding eigenfunction, which is

independent of 0. This implies
1 A
Yo(r, 0,0) = J a(r, 0)de.
4 SZ

Thus, Y™ decays exponentially in time. Since t, = €~%t, the decay rate in
t is very large, being proportional to € 2. The initial layer part ' is van-
ishingly small outside the initial layer of duration O(€?).
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By considering terms of order O(e™") in (4), we have

(L) (1B, 5) = J p(0-0) (L) (1,0, )b

SZ
The above relation implies that i, is independent of 0 and we can write
- 1
,0,t) = —u(r,t).
ole,0,1) = ule, 1
We have

u(r,0) = ay(r),

where

ao(1) :J a(r, 0)dd.

SZ

Next we collect terms of order O(1):

Vo - V(L) (1, 0,5) + ay(Ly,) (1, 0,5) = aSJ p(0 -0 (Ly))(x,0,5)d0’.
SZ

Thus,

Y (x,0,1) = - 0 Vu(r 1),

4n(1 — g)o;

where
g L}é 0 p(0-0)d0.
Terms of order O(e) satisfies the relation below:
S(Lro)(x,0,5) = (1, 0,0) + v - V(L )(x,0,5) + ¢ - V(Lipo)(x, 0, 5)
+ Ol Lh)00.9) + L) (10,) = | p(0-)(L) (1,00
= Guap(73)" (L100) (1,0,) + Guap*s*a(1,0).

By integrating the above equation over 0, we obtain

|V0|2

s(Lu)(r,s) — u(r,0) — WA(ﬁu)(r, s)+c-V(Lu)(r,s) + a,(Lu)(r,s)

= _O'trap@s)a('c”)(r’}’) + Gtrapyxsd_la()(r)-
(5)

Let us set

n= yaatrap; Dy =
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We can rewrite (5) as

s(Lu)(x,s) — u(r,0) — DoA(Lu)(x,s) +c- V(Lu)(x,s) ©)
+ 0a(Lu)(r,s) + n(s*(Lu)(r,s) — s*Lag(r)) = 0.

For a function f(t), the Caputo derivative 0¥ (0 < o < 1) is given by
Caputo (1967), Podlubny (1999)

t

(1) = ﬁj (t= )"0 f(£)df, 0<a<1. @

0

Here, I'(+) is the gamma function. Then we have
L(Of)(s) = s*(Lf)(s) = s"7f(0). (8)

When defined in (7), the function f needs to satisfy certain conditions
(e.g., f has to be differentiable); see Kubica, Ryszewska, and Yamamoto
(2020) for the mathematical treatment of the Caputo derivative. We assume
that O}f exists.

Finally, we obtain
{ Ouu(r, t) + nd*u(r,t) — DoAu(r, t) +c- Vu(r, t) + o,u(r,t) =0, reR? >0,

u(r,0) = ao(r), reR.

)

5. Numerical test

Let us suppose that the advection ¢ is negligibly small and the speed |vy| is
1. Moreover, let us consider the isotropic scattering of p = 1/(4n). To see
the mathematical structure, we consider the following simple one-
dimensional case:

¢

1
Os
(Or + WOy + G4 + 05 + Gurap )Y (%, 1, 1) = 3] W(x, w, t)dp
-1
t

+ Gtrap J w(t — )W (x, 1, t')dt + owap®(t)a(x, p), (10)
0
—oco<x<oo, —-1<u<l, t>0,

Y(x1,0) =a(x,u), —oo<x<oo, —-1<pu<l,

where u is the cosine of the polar angle. To be specific, we set

a(x, 1) = o(x), w(r):#/;;)lﬂ, 0<a<l, y>0.

We note that in this case
(Lw)(s) = ae”E1y(ps),
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where E;;, is the generalized exponential integral: E; ,(z) =
2 [e7t /i dt, z € C\ (—o0,0].
Let (Ly)(x, i, s) be the Laplace transform of y/(x, u, t). Here, Ly satisfies

(4 + 00) (L) (6 o) = 5] (L) (o 1o5) dpt+ ()

for —oo < x < 00, =1 < u < 1, where

qlx,s) = (atrap(ﬁq)) (s) + 1)5(x),
0/(s) =04+ 0+ (Otrap(LD)(s) + 1)s.

We note that the relation (L®)(s) = [1 — (Lw)(s)]/s was used for the
last line of the above equation.

By employing the analytical discrete ordinates method (ADO) (Barichello
2011; Barichello, Garcia, and Siewert 2000; Barichello et al. 2002; Barichello
and Siewert 1999a,b; Siewert and Wright 1999), we approximate £y with v
which satisfies

N
O
(105 + 01(s))v(x, 3 5) = EZ V(% 1y, ) + v(x — 1 8)] + (% 5)

for —oo < x < oo. Here, p;, w; (i = 1,2,...,N) are abscissas and weights for
the Gauss-Legendre quadrature, respectively. We label y; as 0 < py < --- <
Uy < 1. We can write

Mz

v(x, 135 5) = (urap (L) ( G(x 13 0, i3 8) + G, 133 0, = pj39)] .-

J:1

Here, the fundamental solution G(x, p;; y, 45 s) satisfies

7
(1:0x + 04(5))G(x, i3y, 13 5) = EZWJ [G(x, i3y, 155.5) + Gx, i3 95 = 14559)]
]:
+ 5(X - )’)51‘]',

where 0;; is the Kronecker delta.
To obtain G(x, 1;; y, 13 5), we consider the homogeneous equation:

o
(i0x + 04(s)) v (%, pi» ) = P 12—1: wilvy (%, > 8) + v (, 18]

with the separation constant v, which implicitly depends on s. We write
Vv, as

V(% > s) = P(v, )"
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We impose the normalization condition:

> w0 + 805 = ) = 1

We note the relation ¢(—v,u;,s) = ¢(v, — i;,s). Assuming that v #
;/0+(s), we obtain

oV 1
2 a(s)y—py;

d(v, w»s) = (11)

The following orthogonality relation holds:
szuz (Vs 11> )P (Vs 1o 5) = G = 1 )V, = p1ip5)] = N (15)0,,

where
Z witti [¢(v. p.9)* = p(v, — . 5)°].

To compute v, we introduce

iy ¢(V>t/l1>5>

T, (v, £y, 9)
+ = . , D(v,s) = : , AW} =w;.

[1]

Ty (v, Ty, s)

Then the homogeneous equation can be written as
1
<G,(5)I - ;E+) D, (1,s) = %W((I)+(y, 5) + D_(1,5)),
1
(at(s)l - —5_) O_(v,s) = %W(dh,(y, 5) + D_(,5)),
v

where Iy is the identity matrix of dimension N. The above equation can be
rewritten as

(5 c)lo(™ )-56r WG -0

The fact @+ (—v,s) = @+ (v,s) implies that —v is an eigenvalue if v is an
eigenvalue. Thus, v = *v,(s) (n=1,2,...,N) are computed as eigenvalues
of the above eigenproblem (v,(s) > 0 assuming v,(s) are nonzero). The
eigenvectors of the eigenproblem are not necessary since ¢(v,p;,s) are
already explicitly given in (11). We note that, unlike the standard ADO for
the equation with real coefficients, in the present case v,(s) are complex
due to o,(s) € C. The fundamental solution is given by

[1]
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Wi

G(x, ’u,”y, N], S) f— i Z m ¢(Vn, ‘u,i, S)d)(yn, ‘MJ’ S)e_(x—y)/yn(s)’

where upper signs are chosen for x > y and lower signs are used for x < y.
Let us consider

N
Urte(x, t;0) = L7 Z wilv(%, tis) + v(% — pps)], x>0, t>0,

where £7! denotes the inverse Laplace transform. We have

‘ —X/Vn(S)
(ﬁURTE)<x, S, a) (Utrap ‘C(D ‘J{VZ>ON Un) .

The particle density Ugre(x, t;a) is given by
URTE (x, t; OC) = £_1 (EURTE)(X, t; O!)
1 g+i00
= —J e (LUrte) (%, 53 00)ds,

2mi 0—i00
where o € R is taken to be greater than the largest real part of any singu-
larity. Assuming that Ugrg(x, t) is real, we have
o
R(LUgre)(x, 0 +iw; o) = J e “"Urte(x, t; o) cos (wt)dt, o € R.
0
By integrating both sides of the above equation over w after multiplying
(2¢°' /) cos wt (t > 0), we obtain (Davies and Martin 1979; Ganapol 2008)

gt o0

J R(LUgTE) (x,o + i?;a) cosw dw. (12)
0

U Sto) =
RTE(X OC) p—

The inverse Laplace transform with (12) can be performed numerically.
We will use the double-exponential formula (Ooura and Mori 1991, 1999).
Let us introduce

_ Y _
(/J()/) "1 — g—Ksinhy’ K=é6.

Here, K = 6 was found by numerical experiments. Then the above inte-

gral can be expressed as

Zeat 00

J_OC cos (Mo(y))R(LUrre) (x,a +¥(p(y); a>M6l(Z)(/y> dy,

where w = Mo(y), M > 0. We introduce h = n/M. The above integral can
be numerically computed with the trapezoidal rule (Sugihara 1997;
Trefethen and Weideman 2014). We have

Urre(x, t;00) = -
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>

0t J ;
URTE(X, t; oc) ~ zt Z cos (M(p()/j))m(,CURTE) (x, o+ TM (P()’j)§ a)d(p—()/)
Y

= dy

where ] is an integer and y; =jh + n/(2M). We note that do/dy — 0
double-exponentially as y — —oo. We see that ¢(y) — y double exponentially
as y — oo and cos (Mo(jh + nn/(2M))) ~ cos (Mjh + nt/2) = 0 for large j.

For the numerical calculation, we set o=1/2, o =0.04,
0, =107 min™', 6, =1 min™!, N = 30, kmax = 40, M = 40.

Next we consider the one-dimensional version of (9):

(8( + 118;‘) UDE()C, t; OC) — Doai UDE(X, t; OC) + 0, UDE(JC, t; OC) = 0, X € ]R, r> 0,

Upe(x,0;0) = ap(x), x€R,

(13)

where the advection term was ignored (¢ = 0) and

ao(x) = 20(x).
We note that Dy = 1/(30;). The function

V(k,s) = J e ™ (LUpg)(x,5;0)dx, —o0 <k < o0
satisfies
1 o—1 00 .
V(k,s) = s J e qy (x)dx
s+ ns* + Dok? + 6, ) _o

Since [;* e dy =1/b, we have

V(k,s) =2(1+ns"") J e~ (st FDR Oy gy,
0
By a straightforward calculation we can show

f—= —-1/a —s o —(s+ns*
LO(t - y)g, ((11)/)1);“> ()™ = e y(ﬁgﬁ((ny)l/ 5> — o~ (stns)y

where ©(-) is the Heaviside step function and g,(-) is such that £g, =™ .
We have

OO(_

_— L e VL 1) o 1)
—_§ —_§ =-Fl=)=—M,[=),
L 5! £ — gl T(—oj) t "\#* tite t*
j=0

=0

where using the Mainardi-Wright function W, ,(z),
Fy(z) = W_yo(—2), My(z) = W_y1-4(-2), 0<a<l.
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Hence (Mainardi, Mura, and Pagnini 2010),

0=1%() = ()
8 _t“toc _t1+oc N\ )"

In particular, we have

1 _»
Ml/z(Z) = —=¢€ 2/4.

VT

We note that (Schumer et al. 2003)

. t—}’ —1/o _ q- ony ny _
lim g, —1 : ) =o(t—y).
=" ((ny)l/“)w) ISR ((t—y)) o

Thus,
(,CUDE X, S, O()
1 0(—1 t — 0 .
+ 7]5 1);“ (ny)—l/ot J ezkxe—(Dokz—&-au)y dkdy
(ny) o0
1

‘( Z Q>
J <£® (t—y <(;7y)1);“> (17)/)_1/“> \/}%e-ﬁe—w dy,

where we used under the condition Rs > 0,

14 st = (L£0(1))(s) + =1 — (L)),

:I

By the inverse Laplace transform we obtain
1 t V](t _ tl)-O(
Upe(x, t;0) =———| [ o(t—1) + ———
DE(x O() 171/“\/7'CD0 Jo ( < ) + F(l - O()
v ’_ L
: J & o e e dy ) ar
o \(my)
t 7\ —0
on / W(t - )
= ot—t) +—=—=
«ﬁEL<( ”*nh@)

t 2
0 (t/ —)/) (t _)/)

In the limit of ¢y, — 0, we recover the normal diffusion:

1 1 2
lim Upg/(x, t; o t2e 1D Tal (15)
n—0 DE( ) \/7TD()

where the relation (14) was used.
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In the case of o = 1/2, we obtain
t

Upk <x, t; %) ZML\/E,JO <5(f —t) + W)

t 2

X J ie_‘lz’—y—zﬂe_%e_““y dy | dt,
o (¢ = )2

where we used I'(1/2) = \/n. For a numerical purpose, we change varia-

bles as y = tf; and then change #; = 1 — 77 in the first term. Similarly we

change variables as t' = tt;, y = tt;t, and then change t, as t, =1 — r% in

the second term. We obtain

2
g R o) S
UDE <x, t;%) :TC nD J 11:2 T e 41% e 4D0[(1_Tf)e_0ut(l_l'%) dTl
0J0 1
L -
/7Dy Jo /1=t

2
2 2
1 1 5 n ftl(lfrz) _ x2
— T, — =2 2 2
% J 7\/26 42 e 4D0tt1(1 fz)e—o'al‘tl(l—fz) dT2 dtl.

2
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Figure 1. Comparison of the solution (blue line) to the transport equation (10), the solution
(red line) to the fractional diffusion equation (13), and the solution (ocher line) to the normal
diffusion (15) at t =10 min. In panel (a), the parameters are set to Oy, = 0.1 min~',
y =0.1 min, o = 1/2. The same parameters are used in other panels except that (b) oiap =

0.01 min™" and (c) y = 1 min, respectively.
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Figure 2. Same as Figure 1 but t = 100 min.

Figures 1 and 2 show the solution Urrg to the transport equation (10)
and the solution Upg to the fractional diffusion equation (13) as functions
of x [cm] together with the normal diffusion (15). We see that Ugrg and
Upg match as x increases. The solutions at t = 10 min are shown in
Figure 1 and solutions at # = 100 min are shown in Figure 2. In panel (a),
the parameters are set to Gyqp = 0.1 min~!, y = 0.1 min, o = 1/2. In panel
(b), the same parameters are used but g, = 0.01 min~! to show that for
a small oyp, the propagation enters the diffusion regime for a shorter dis-
tance. In panel (c), y = 1 min while other parameters are the same as those
given in panel (a). When 7y is large, Urrg and Upg differ more for small x.
Mathematica (Wolfram Research) was used to produce Figures 1 and 2.

6. Concluding remarks

Indeed, the derived fractional equation is the time-fractional advection-dis-
persion equation (Schumer et al. 2003; Suzuki et al. 2016). As a related
model, the tempered anomalous diffusion model is known (Meerschaert,
Zhang, and Baeumer 2008). The fractional equation in this paper is derived
from the radiative transport equation in a straightforward manner.

The waiting time distribution is also used for the continuous-time ran-
dom walk. However, the physical meaning of the solution to (1) is clearer
than random walkers. That is, { is the angular density of tracer particles
while the relation between tracer molecules and Monte Carlo particles is
vague.
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If Oy is tiny (there is almost no dead-end pore), the fractional-
derivative term in (9) is negligible. In this case, the usual advection-diftu-
sion equation is recovered. Finally, we note that the diffusion approxima-
tion can similarly be done in the case of the exponential decay,

w(7) :%e‘f/ 7, but the resulting diffusion equation only has a first-order
time-derivative term.
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