
Journal of Computational and Theoretical Transport

ISSN: 2332-4309 (Print) 2332-4325 (Online) Journal homepage: www.tandfonline.com/journals/ltty21

The Radiative Transport Equation with Waiting
Time and its Diffusion Approximation with a Time-
Fractional Derivative

Manabu Machida

To cite this article: Manabu Machida (2026) The Radiative Transport Equation
with Waiting Time and its Diffusion Approximation with a Time-Fractional
Derivative, Journal of Computational and Theoretical Transport, 55:6, 499-517, DOI:
10.1080/23324309.2025.2507649

To link to this article:  https://doi.org/10.1080/23324309.2025.2507649

© 2025 The Author(s). Published with
license by Taylor & Francis Group, LLC

Published online: 27 May 2025.

Submit your article to this journal 

Article views: 740

View related articles 

View Crossmark data

Citing articles: 1 View citing articles 

Full Terms & Conditions of access and use can be found at
https://www.tandfonline.com/action/journalInformation?journalCode=ltty21

https://www.tandfonline.com/journals/ltty21?src=pdf
https://www.tandfonline.com/action/showCitFormats?doi=10.1080/23324309.2025.2507649
https://doi.org/10.1080/23324309.2025.2507649
https://www.tandfonline.com/action/authorSubmission?journalCode=ltty21&show=instructions&src=pdf
https://www.tandfonline.com/action/authorSubmission?journalCode=ltty21&show=instructions&src=pdf
https://www.tandfonline.com/doi/mlt/10.1080/23324309.2025.2507649?src=pdf
https://www.tandfonline.com/doi/mlt/10.1080/23324309.2025.2507649?src=pdf
http://crossmark.crossref.org/dialog/?doi=10.1080/23324309.2025.2507649&domain=pdf&date_stamp=27%20May%202025
http://crossmark.crossref.org/dialog/?doi=10.1080/23324309.2025.2507649&domain=pdf&date_stamp=27%20May%202025
https://www.tandfonline.com/doi/citedby/10.1080/23324309.2025.2507649?src=pdf
https://www.tandfonline.com/doi/citedby/10.1080/23324309.2025.2507649?src=pdf
https://www.tandfonline.com/action/journalInformation?journalCode=ltty21


The Radiative Transport Equation with Waiting Time 
and its Diffusion Approximation with a Time-Fractional 
Derivative

Manabu Machida 

Department of Informatics, Faculty of Engineering, Kindai University, Japan 

ABSTRACT 
Albeit the past intensive research, the governing equation of 
anomalous diffusion which is observed for the transport of 
particles underground is still an open problem. In this paper, 
as a governing equation, the advection–diffusion equation 
with a time-fractional derivative term is derived from the 
radiative transport equation with an integral term for waiting 
time.

KEYWORDS 
Diffusion approximation; 
radiative transport equation; 
time-fractional derivative   

1. Introduction

Anomalous diffusion has been observed in different phenomena (Metzler 
and Klafter 2000). One example is mass transport in underground water 
(Adams and Gelhar 1992). As another example, an equation with an add
itional time-fractional term (Langlois, Farazmand, and Haller 2015) is 
derived from the fluid dynamics in the Basset problem (Basset 
1888a,b,2015c, 1910; Boussinesq 1885). Aiming at reproducing experimental 
results for mass transport in porous media, various partial differential equa
tions with fractional derivatives have been proposed. The fractional advec
tion–dispersion equation with time- and spatial-fractional derivatives was 
proposed (Benson, Wheatcraft, and Meerschaert 2000). Fractional derivative 
models were compared (Sun et al. 2017; Wei, Chen, and Hon 2016) and 
parameters in fractional equations were estimated (Chakraborty, 
Meerschaert, and Lim 2009; Kelly et al. 2017). Orders of fractional deriva
tives were taken to be variables (Sun, Chen, and Chen 2009). Furthermore, 
the distributed order time fractional diffusion equation was tested (Liang 
et al. 2019). Trying to reproduce such anomalous diffusion, a multi-scaling 
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tempered fractional-derivative model was proposed (Zhang et al. 2013). 
The tempered anomalous diffusion model, which has a time-fractional 
derivative, was used to analyze column flow experiment (Suzuki et al. 
2016).

By the comparison of the numerical solution of the radiative transport 
equation and the observed concentration of tracer particles in a column 
experiment, it was found that the governing equation at the mesoscopic 
scale (i.e., the propagation distance, which is the column height, is compar
able to the transport mean free path) is the radiative transport equation 
(Amagai, Hatano, and Machida 2021; Amagai et al. 2020).

In this paper, we show that an equation with a time-fractional derivative 
is asymptotically derived from the radiative transport equation with a wait
ing time. The derived equation governs transport in diffusive regime, in 
which the propagation distance is much larger than the transport mean 
free path.

The radiative transport equation, which is a linear Boltzmann equation, 
has been used in various fields. The diffusion approximation of the radia
tive transport equation has been intensively studied. In addition to the 
intuitive approach (Duderstadt and Martin 1979; Ishimaru 1978), The dif
fusion approximation was considered with the asymptotic expansion in the 
whole space (Ryzhik, Papanicolaou, and Keller 1996) and in the presence 
of the boundary (Larsen and Keller 1974). Bensoussan, Lions, and 
Papanicolaou explored the diffusion approximation in terms of homogen
ization (Bensoussan, Lions, and Papanicolaou 1979). The diffusion approxi
mation in the presence of boundaries was treated for the propagation of 
elastic (seismic) waves (Bal 2001). Moreover, the Robin boundary condi
tion, which is imposed on the diffusion equation, was considered with the 
diffusion approximation (Bardos, Santos, and Sentis 1984).

The remainder of the paper is organized as follows. In Section 2, the 
radiative transport equation with waiting time is introduced. In Section 3, 
the Laplace transform is taken to treat the integral term for traps. The dif
fusion approximation is considered in Section 4. Numerical solutions to 
the two equations which are connected by the diffusion approximation are 
compared in Section 5. Finally, concluding remarks are given in Section 6.

2. The radiative transport equation with waiting time

Let v0 2 R3 be the velocity of particles and c 2 R3 be advection. The direc
tion of the propagation of a particle is given by ĥ ¼ v0=jv0j; which is a 
unit vector in S2: Let wðr, ĥ, sÞ be the angular density of particles at posi
tion r 2 R3 in direction ĥ 2 S2 at time s > 0: The initial condition is 
imposed as
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wðr, ĥ, 0Þ ¼ aðr, ĥÞ, 

where a is the initial distribution of particles. Let UðsÞ be the survival 
probability and ra, rs, rtrap be positive constants. We consider the following 
radiative transport equation in R3:

P0wðr, ĥ, sÞ þ ra þ rs þ rtrapð Þwðr, ĥ, sÞ ¼ rs

ð

S2
pðĥ � ĥ

0
Þwðr, ĥ

0
, sÞdĥ

0

þ rtrap

ðs

0
wðs − s0Þwðr, ĥ, s0Þds0 þ rtrapUðsÞaðr, ĥÞ,

(1) 

where

P0wðr, ĥ, sÞ ¼ @s þ v0 þ cð Þ � rð Þwðr, ĥ, sÞ:

The scattering phase function satisfies 
Ð

S2 pðĥ � ĥ
0
Þdĥ ¼ 1: In this paper, 

ra; rs for absorption and scattering are assumed to be constant. The 
waiting-time distribution w is described below.

For column experiments, breakthrough curves were reproduced using (1)
without rtrap (Amagai, Hatano, and Machida 2021; Amagai et al. 2020). In 
the case of rtrap ¼ 0; we see that (1) governs mass transport if the particle 
flow in complicated paths is regarded as the transport of particles which 
undergo scattering (Amagai et al. 2020; Williams 1992a, 1992b, 1993a, 
1993b). Although the column experiments were performed using uniformly 
random beads and sand, it can be expected that in field experiments tracer 
particles are trapped during the propagation or they propagate in an immo
bile zone (Hatano and Hatano 1998; Schumer et al. 2003). This motivates 
us to introduce terms with rtrap in (1). The coefficient rtrap on the left- 
hand side of (1) counts particles which are trapped and the integral term 
with rtrap on the right-hand side means particles that were trapped at time 
s0 restart propagation at time s:

A trapped particle reenters the flow after some waiting time or escape 
time. The function w in (1) is the waiting time distribution. If each particle 
immediately restarts the propagation even when it is trapped, the waiting- 
time function is wðsÞ ¼ dðsÞ; where dð�Þ is Dirac’s delta function. In this 
case, terms with rtrap on both sides of (1) cancel. In general, wðsÞ has a 
decaying behavior as s grows. We have

UðsÞ ¼ 1 −
ðs

0
wðs0Þds0:

The term rtrapUðsÞaðr, ĥÞ on the right-hand side of (1) is the source 
term due to particles which are in dead-end pores at s ¼ 0:

Recently, numerical simulation with dead-end pores was performed 
(Bordoloi et al. 2022). The probability density functions of escape time 
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obtained from trajectories of particles implies the power-law behavior of wðsÞ:
Different power-law behaviors of the waiting time function were numerically 
observed for different shapes of dead-end pores (Hou, Jiang, and Wu 2018).

In light of these past researches, let us assume that w asymptotically 
decays as s−ð1þaÞ; where a > 0: Moreover we assume 0 < a < 1 for a long 
tail of w. Let c > 0 be a constant. Examples of such function w include

wðsÞ ¼
a=c

ð1þ s=cÞ
1þa

, wðsÞ ¼
aðc=sÞ

a

s 1þ ðc=sÞa
� �2 , wðsÞ ¼ acas−ð1þaÞe−ðc=sÞa :

In all cases, 
Ð1

0 wðsÞds ¼ 1: For large s; they behave as

wðsÞ � acas−ð1þaÞ:

Let us introduce a nondecreasing function WðsÞ such that dW=ds ¼ w 
(0 < s <1), W 2 ½0, 1Þ; Wð0Þ ¼ 0: Corresponding to the above examples 
of w, we have

WðsÞ ¼ 1 −
1

ð1þ s=cÞ
a , WðsÞ ¼

1
1þ ðc=sÞa

, WðsÞ ¼ e−ðc=sÞa ,

0 � s <1:

3. Laplace transform

Let us investigate the solution to (1) on a large time scale. To this end, we 
scale s as

t ¼ �s, 

where � > 0 is a small number.
We write the solution of (1) as (Larsen and Keller 1974)

wðr, ĥ, sÞ ¼ wiðr, ĥ, sÞ þ wILðr, ĥ, sÞ, 

where wi is the interior part and wIL is the initial layer part. In particular,

aðr, ĥÞ ¼ wiðr, ĥ, 0Þ þ wILðr, ĥ, 0Þ:

The interior part wiðr, ĥ, sÞ ¼ wi
�ðr, ĥ, tÞ satisfies

P0, �w
i
�ðr, ĥ, tÞ þ ra þ rs þ rtrapð Þw

i
�ðr, ĥ, tÞ

¼ rs

ð

S2
pðĥ � ĥ

0
Þwi

�ðr, ĥ
0
, tÞdĥ

0

þ
rtrap

�

ðt=�

0
w

t − t0

�

� �

wi
�ðr, ĥ, t0Þdt0 þ rtrapU

t
�

� �

aðr, ĥÞ,

(2) 

where
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P0, �w
i
�ðr, ĥ, tÞ ¼ �@t þ v0 þ cð Þ � rð Þw

i
�ðr, ĥ, tÞ:

We write the Laplace transform of a function f�ðtÞ ¼ f ðsÞ as

ðLf�ÞðsÞ ¼
ð1

0
e−stf�ðtÞdt, s 2 C:

Let us take the Laplace transform for (2):

ðLP0, �w
i
�Þðr, ĥ, sÞ þ ra þ rs þ rtrapð ÞðLwi

�Þðr, ĥ, sÞ

¼ rs

ð

S2
pðĥ � ĥ

0
ÞðLwi

�Þðr, ĥ
0
, sÞdĥ

0

þ rtrapðLwÞð�sÞðLwi
�Þðr, ĥ, sÞ þ rtrap

1 − ðLwÞð�sÞ
s

aðr, ĥÞ, 

where

ðLP0, �w
i
�Þðr, ĥ, sÞ ¼ �sðLwi

�Þðr, ĥ, sÞ − �wi
�ðr, ĥ, 0Þ þ v0 þ cð Þ � rðLwi

�Þðr, ĥ, sÞ:

We set

dðsÞ ¼ 1 −
c

s

� �a

:

We note that W � d (s!1) and for any k > 0; dðksÞ=dðsÞ ! 1 as 
s!1: We have for small s (Feller 1971; Karamata 1931),

ðLwÞðsÞ � d
1
s

� �

¼ 1 − ðcsÞa, s > 0: (3) 

Since � > 0 is small, we can replace ðLwÞð�sÞ with 1 − ðc�sÞa:

4. Diffusion approximation

Assuming slow advection, large scattering, small absorption, small trapping 
rate, and large life time, we introduce � as

c! �c, rs !
rs

�
, ra ! �ra, rtrap ! �rtrap, c!

c

�
:

Then we have

�sðLwi
�Þðr, ĥ, sÞ − �wi

�ðr, ĥ, 0Þ þ v0 þ �cð Þ � rðLwi
�Þðr, ĥ, sÞ

þ �ra þ
rs

�
þ �rtrap

� �

ðLwi
�Þðr, ĥ, sÞ ¼

rs

�

ð

S2
pðĥ � ĥ

0
ÞðLwi

�Þðr, ĥ
0
, sÞdĥ

0

þ �rtrap 1 − ðcsÞa
� �

ðLwi
�Þðr, ĥ, sÞ þ �rtrapc

asa−1aðr, ĥÞ,
(4) 

where we used (3). We will formally expand wi as
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wiðr, ĥ, sÞ ¼ wi
�ðr, ĥ, tÞ ¼

X1

n¼0
�nwnðr, ĥ, tÞ:

Let us set t1 ¼ s=�: Since wIL is responsible for the initial rapid change 
of w; we require wIL to satisfy

@t1 þ � v0 þ �cð Þ � rð Þw
IL r, ĥ, s
� �

¼ K� − Ið Þ �2ra þ rs þ �
2rtrap

� �
wIL r, ĥ, s
� �

, 

where I is the identity, and for a function f ðĥ, sÞ; operator K� is defined as

K�f ðĥ, sÞ ¼
rs=�

�ra þ rs=�þ �rtrap

ð

S2
pðĥ � ĥ

0
Þf ðĥ

0
, sÞdĥ

0

þ
�rtrap

�ra þ rs=�þ �rtrap

ðs

0
w s − s0ð Þf ĥ, s0

� �
ds0:

The initial condition is given by

wILðr, ĥ, 0Þ ¼ aðr, ĥÞ − w0ðr, ĥ, 0Þ −
X1

n¼1
�nwnðr, ĥ, 0Þ:

In the limit of �! 0; we have

@t1w
ILðr, ĥ, sÞ ¼ K0 − Ið Þrsw

ILðr, ĥ, sÞ, 

where

K0f ðĥ, sÞ ¼
ð

S2
pðĥ � ĥ

0
Þf ðĥ

0
, sÞdĥ

0
:

The initial condition is written as

wILðr, ĥ, 0Þ ¼ aðr, ĥÞ − w0ðr, ĥ, 0Þ:

The largest eigenvalue of K0 is 1 (Dautray and Lions 1993; Larsen and 
Keller 1974). Hence, wIL does not vanish if the initial value is nonzero and 
has a component proportional to the corresponding eigenfunction, which is 
independent of ĥ: This implies

w0ðr, ĥ, 0Þ ¼
1

4p

ð

S2
aðr, ĥÞdĥ:

Thus, wIL decays exponentially in time. Since t1 ¼ �
−2t; the decay rate in 

t is very large, being proportional to �−2: The initial layer part wIL is van
ishingly small outside the initial layer of duration Oð�2Þ:
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By considering terms of order Oð�−1Þ in (4), we have

ðLw0Þðr, ĥ, sÞ ¼
ð

S2
pðĥ � ĥ

0
ÞðLw0Þðr, ĥ

0
, sÞdĥ

0
:

The above relation implies that w0 is independent of ĥ and we can write

w0ðr, ĥ, tÞ ¼
1

4p
uðr, tÞ:

We have
uðr, 0Þ ¼ a0ðrÞ, 

where

a0ðrÞ ¼
ð

S2
aðr, ĥÞdĥ:

Next we collect terms of order Oð1Þ:

v0 � rðLw0Þðr, ĥ, sÞ þ rsðLw1Þðr, ĥ, sÞ ¼ rs

ð

S2
pðĥ � ĥ

0
ÞðLw1Þðr, ĥ

0
, sÞdĥ

0
:

Thus,

w1ðr, ĥ, tÞ ¼ −
jv0j

4pð1 − gÞrs
ĥ � ruðr, tÞ, 

where

g ¼
ð

S2
ĥ � ĥ

0
pðĥ � ĥ

0
Þdĥ

0
:

Terms of order Oð�Þ satisfies the relation below:

sðLw0Þðr, ĥ, sÞ − w0ðr, ĥ, 0Þ þ v0 � rðLw1Þðr, ĥ, sÞ þ c � rðLw0Þðr, ĥ, sÞ

þ raðLw0Þðr, ĥ, sÞ þ rsðLw2Þðr, ĥ, sÞ ¼ rs

ð

S2
pðĥ � ĥ

0
ÞðLw2Þðr, ĥ

0
, sÞdĥ

0

− rtrapðcsÞaðLw0Þðr, ĥ, pÞ þ rtrapc
asa−1aðr, ĥÞ:

By integrating the above equation over ĥ; we obtain

sðLuÞðr, sÞ − uðr, 0Þ −
jv0j

2

3ð1 − gÞrs
DðLuÞðr, sÞ þ c � rðLuÞðr, sÞ þ raðLuÞðr, sÞ

¼ −rtrapðcsÞaðLuÞðr, pÞ þ rtrapc
asa−1a0ðrÞ:

(5) 

Let us set

g ¼ cartrap, D0 ¼
jv0j

2

3ð1 − gÞrs
:

JOURNAL OF COMPUTATIONAL AND THEORETICAL TRANSPORT 505



We can rewrite (5) as
sðLuÞðr, sÞ − uðr, 0Þ − D0DðLuÞðr, sÞ þ c � rðLuÞðr, sÞ
þ raðLuÞðr, sÞ þ g saðLuÞðr, sÞ − sa−1a0ðrÞ

� �
¼ 0: (6) 

For a function f ðtÞ; the Caputo derivative @a
t (0 < a < 1) is given by 

Caputo (1967), Podlubny (1999)

@a
t f ðtÞ ¼

1
Cð1 − aÞ

ðt

0
ðt − t0Þ−a

@t0 f ðt0Þdt0, 0 < a < 1: (7) 

Here, Cð�Þ is the gamma function. Then we have

Lð@a
t f ÞðsÞ ¼ saðLf ÞðsÞ − sa−1f ð0Þ: (8) 

When defined in (7), the function f needs to satisfy certain conditions 
(e.g., f has to be differentiable); see Kubica, Ryszewska, and Yamamoto 
(2020) for the mathematical treatment of the Caputo derivative. We assume 
that @a

t f exists.
Finally, we obtain
@tuðr, tÞ þ g@a

t uðr, tÞ − D0Duðr, tÞ þ c � ruðr, tÞ þ rauðr, tÞ ¼ 0, r 2 R3, t > 0,
uðr, 0Þ ¼ a0ðrÞ, r 2 R3:

�

(9) 

5. Numerical test

Let us suppose that the advection c is negligibly small and the speed jv0j is 
1. Moreover, let us consider the isotropic scattering of p ¼ 1=ð4pÞ: To see 
the mathematical structure, we consider the following simple one- 
dimensional case:

@t þ l@x þ ra þ rs þ rtrap
� �

wðx, l, tÞ ¼
rs

2

ð1

−1
wðx, l, tÞdl

þ rtrap

ðt

0
wðt − t0Þwðx, l, t0Þdt0 þ rtrapUðtÞaðx, lÞ,

− 1 < x <1, − 1 � l � 1, t > 0,
wðx, l, 0Þ ¼ aðx, lÞ, −1 < x <1, − 1 � l � 1,

8
>>>>>>><

>>>>>>>:

(10) 

where l is the cosine of the polar angle. To be specific, we set

aðx, lÞ ¼ dðxÞ, wðsÞ ¼
a=c

ð1þ s=cÞ
1þa

, 0 < a < 1, c > 0:

We note that in this case
ðLwÞðsÞ ¼ aecsE1þaðcsÞ, 
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where E1þa is the generalized exponential integral: E1þaðzÞ ¼
za
Ð1

z e−t=t1þa dt; z 2 C n ð−1, 0�:
Let ðLwÞðx, l, sÞ be the Laplace transform of wðx, l, tÞ: Here, Lw satisfies

l@x þ rtð ÞðLwÞðx, l, sÞ ¼
rs

2

ð1

−1
ðLwÞðx, l, sÞ dl þ qðx, sÞ

for −1 < x <1; −1 � l � 1; where

qðx, sÞ ¼ rtrapðLUÞðsÞ þ 1
� �

dðxÞ,
rtðsÞ ¼ ra þ rs þ rtrapðLUÞðsÞ þ 1

� �
s:

We note that the relation ðLUÞðsÞ ¼ ½1 − ðLwÞðsÞ�=s was used for the 
last line of the above equation.

By employing the analytical discrete ordinates method (ADO) (Barichello 
2011; Barichello, Garcia, and Siewert 2000; Barichello et al. 2002; Barichello 
and Siewert 1999a,b; Siewert and Wright 1999), we approximate Lw with v 
which satisfies

li@x þ rtðsÞð Þvðx, li, sÞ ¼
rs

2

XN

j¼1
wj vðx, lj, sÞ þ vðx, − lj, sÞ
� �

þ qðx, sÞ

for −1 < x <1: Here, li, wi (i ¼ 1, 2, :::, N) are abscissas and weights for 
the Gauss–Legendre quadrature, respectively. We label li as 0 < l1 < � � � <

lN < 1: We can write

vðx, li, sÞ ¼ rtrapðLUÞðsÞ þ 1
� �XN

j¼1
Gðx, li; 0, lj; sÞ þ Gðx, li; 0, − lj; sÞ
� �

:

Here, the fundamental solution Gðx, li; y, lj; sÞ satisfies

li@x þ rtðsÞð ÞGðx, li; y, lj; sÞ ¼
rs

2

XN

j¼1
wj Gðx, li; y, lj; sÞ þ Gðx, li; y, − lj; sÞ
� �

þ dðx − yÞdij, 

where dij is the Kronecker delta.
To obtain Gðx, li; y, lj; sÞ; we consider the homogeneous equation:

li@x þ rtðsÞð Þv�ðx, li, sÞ ¼
rs

2

XN

j¼1
wj v�ðx, li, sÞ þ v�ðx, li, sÞ½ �

with the separation constant �; which implicitly depends on s. We write 
v� as

v�ðx, li, sÞ ¼ /ð�, li, sÞe−x=�:
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We impose the normalization condition:
XN

i¼1
wi /ð�, li, sÞ þ /ð�, − li, sÞð Þ ¼ 1:

We note the relation /ð−�, li, sÞ ¼ /ð�, − li, sÞ: Assuming that � 6¼
li=rtðsÞ; we obtain

/ð�, li, sÞ ¼
rs�

2
1

rtðsÞ� − li
: (11) 

The following orthogonality relation holds:
XN

i¼1
wili /ð�, li, sÞ/ð�0, li, sÞ − /ð�, − li, sÞ/ð�0, − li, sÞ

� �
¼ Nð�, sÞd�, �0 , 

where

Nð�, sÞ ¼
XN

i¼1
wili /ð�, li, sÞ

2 − /ð�, − li, sÞ
2� �
:

To compute �; we introduce

N6 ¼

6l1
6l2

. .
.

6lN

0

B
B
B
@

1

C
C
C
A

, U6ð�, sÞ ¼

/ð�, 6l1, sÞ
/ð�, 6l2, sÞ

..

.

/ð�, 6lN , sÞ

0

B
B
B
@

1

C
C
C
A

, fWgij ¼ wj:

Then the homogeneous equation can be written as

rtðsÞIN −
1
�

Nþ

� �

Uþð�, sÞ ¼
rs

2
W Uþð�, sÞ þ U−ð�, sÞð Þ,

rtðsÞIN −
1
�

N−

� �

U−ð�, sÞ ¼
rs

2
W Uþð�, sÞ þ U−ð�, sÞð Þ, 

where IN is the identity matrix of dimension N. The above equation can be 
rewritten as

N−1
þ

N−1
−

� �

rtðsÞ
IN

IN

� �

−
rs

2
W W
W W

� �� �
Uþð�, sÞ
U−ð�, sÞ

� �

¼
1
�

Uþð�, sÞ
U−ð�, sÞ

� �

:

The fact U6ð−�, sÞ ¼ U7ð�, sÞ implies that −� is an eigenvalue if � is an 
eigenvalue. Thus, � ¼ 6�nðsÞ (n ¼ 1, 2, :::, N) are computed as eigenvalues 
of the above eigenproblem (�nðsÞ > 0 assuming �nðsÞ are nonzero). The 
eigenvectors of the eigenproblem are not necessary since /ð�, li, sÞ are 
already explicitly given in (11). We note that, unlike the standard ADO for 
the equation with real coefficients, in the present case �nðsÞ are complex 
due to rtðsÞ 2 C: The fundamental solution is given by
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Gðx, li; y, lj, sÞ ¼ 6
X

6R�n>0

wj

Nð�n, sÞ
/ð�n, li, sÞ/ð�n, lj, sÞe−ðx−yÞ=�nðsÞ, 

where upper signs are chosen for x > y and lower signs are used for x < y:
Let us consider

URTEðx, t; aÞ ¼ L−1
XN

i¼1
wi vðx, li, sÞ þ vðx, − li, sÞ½ �, x > 0, t > 0, 

where L−1 denotes the inverse Laplace transform. We have

ðLURTEÞðx, s; aÞ ¼ rtrapðLUÞðsÞ þ 1
� � X

R�n>0

1
Nð�n, sÞ

e−x=�nðsÞ:

The particle density URTEðx, t; aÞ is given by

URTEðx, t; aÞ ¼ L−1 LURTEð Þðx, t; aÞ

¼
1

2pi

ðrþi1

r−i1
estðLURTEÞðx, s; aÞds, 

where r 2 R is taken to be greater than the largest real part of any singu
larity. Assuming that URTEðx, tÞ is real, we have

RðLURTEÞðx, rþ ix; aÞ ¼

ð1

0
e−rtURTEðx, t; aÞ cos ðxtÞdt, x 2 R:

By integrating both sides of the above equation over x after multiplying 
ð2ert=pÞ cos xt (t > 0), we obtain (Davies and Martin 1979; Ganapol 2008)

URTEðx, t; aÞ ¼
2ert

pt

ð1

0
RðLURTEÞ x, rþ i

x

t
; a

� �

cos x dx: (12) 

The inverse Laplace transform with (12) can be performed numerically. 
We will use the double-exponential formula (Ooura and Mori 1991, 1999). 
Let us introduce

uðyÞ ¼
y

1 − e−Ksinhy , K ¼ 6:

Here, K ¼ 6 was found by numerical experiments. Then the above inte
gral can be expressed as

URTEðx, t; aÞ ¼
2ert

pt

ð1

−1
cos MuðyÞ
� �

RðLURTEÞ x, rþ
iM
t

uðyÞ; a
� �

M
duðyÞ

dy
dy, 

where x ¼ MuðyÞ; M > 0: We introduce h ¼ p=M: The above integral can 
be numerically computed with the trapezoidal rule (Sugihara 1997; 
Trefethen and Weideman 2014). We have
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URTEðx, t; aÞ �
2ert

t

XJ

j¼−J
cos MuðyjÞ
� �

RðLURTEÞ x, rþ
iM
t

uðyjÞ; a

� �
duðyÞ

dy

�
�
�
�
yj

, 

where J is an integer and yj ¼ jhþ p=ð2MÞ: We note that du=dy! 0 
double-exponentially as y! −1: We see that uðyÞ ! y double exponentially 
as y!1 and cos ðMuðjhþ p=ð2MÞÞÞ � cos ðMjhþ p=2Þ ¼ 0 for large j.

For the numerical calculation, we set a ¼ 1=2; r ¼ 0:04;
ra ¼ 10−9 min−1; rs ¼ 1 min−1; N ¼ 30; kmax ¼ 40; M ¼ 40:

Next we consider the one-dimensional version of (9):
@t þ g@a

tð ÞUDEðx, t; aÞ − D0@
2
x UDEðx, t; aÞ þ raUDEðx, t; aÞ ¼ 0, x 2 R, t > 0,

UDEðx, 0; aÞ ¼ a0ðxÞ, x 2 R,

�

(13) 
where the advection term was ignored (c ¼ 0) and

a0ðxÞ ¼ 2dðxÞ:

We note that D0 ¼ 1=ð3rsÞ: The function

Vðk, sÞ ¼
ð1

−1
e−ikxðLUDEÞðx, s; aÞdx, −1 < k <1

satisfies

Vðk, sÞ ¼
1þ gsa−1

sþ gsa þ D0k2 þ ra

ð1

−1
e−ikxa0ðxÞdx 

Since 
Ð1

0 e−by dy ¼ 1=b; we have

Vðk, sÞ ¼ 2ð1þ gsa−1Þ

ð1

0
e−ðsþgsaþD0k2þraÞy dy:

By a straightforward calculation we can show

LHðt − yÞga

t − y
ðgyÞ1=a

 !

ðgyÞ−1=a
¼ e−syðLgaÞ ðgyÞ1=as

� �

¼ e−ðsþgsaÞy, 

where Hð�Þ is the Heaviside step function and gað�Þ is such that Lga ¼ e−sa :

We have

L−1e−sa ¼
X1

j¼0

ð−1Þj

j!
L−1saj ¼

X1

j¼0

ð−1Þj

j!
t−aj−1

Cð−ajÞ
¼

1
t

Fa

1
ta

� �

¼
a

t1þa
Ma

1
ta

� �

, 

where using the Mainardi–Wright function Wk, lðzÞ;
FaðzÞ ¼W−a, 0ð−zÞ, MaðzÞ ¼W−a, 1−að−zÞ, 0 < a < 1:
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Hence (Mainardi, Mura, and Pagnini 2010),

gaðtÞ ¼
1
t

Fa

1
ta

� �

¼
a

t1þa
Ma

1
ta

� �

:

In particular, we have

M1=2ðzÞ ¼
1
ffiffiffi
p
p e−z2=4:

We note that (Schumer et al. 2003)

lim
g!0

ga

t − y
ðgyÞ1=a

 !

ðgyÞ−1=a
¼ lim

g!0

agy
ðt − yÞ1þa

Ma

gy
ðt − yÞa
� �

¼ dðt − yÞ: (14) 

Thus,
ðLUDEÞðx, s; aÞ

¼
1þ gsa−1

p

ð1

0
LHðt − yÞga

t − y
ðgyÞ1=a

 !

ðgyÞ−1=a
 !ð1

−1
eikxe−ðD0k2þraÞy dkdy

¼
1
p
L dðtÞ þ

gt−a

Cð1 − aÞ

� �

ðsÞ

�

ð1

0
LHðt − yÞga

t − y
ðgyÞ1=a

 !

ðgyÞ−1=a
 ! ffiffiffiffiffiffiffiffi

p

yD0

r

e− x2
4yD0e−ray dy, 

where we used under the condition Rs > 0;

1þ gsa−1 ¼ ðLdðtÞÞðsÞ þ
g

Cð1 − aÞ
ðLt−aÞðsÞ:

By the inverse Laplace transform we obtain

UDEðx, t; aÞ ¼
1

g1=a
ffiffiffiffiffiffiffiffi
pD0
p

ðt

0
dðt − t0Þ þ

gðt − t0Þ−a

Cð1 − aÞ

 !

�

ðt0

0
ga

t0 − y
ðgyÞ1=a

 !

y−1
a
−1

2e− x2
4yD0 e−ray dy

 !

dt0

¼
ag
ffiffiffiffiffiffiffiffi
pD0
p

ðt

0
dðt − t0Þ þ

gðt − t0Þ−a

Cð1 − aÞ

 !

�

ðt0

0

ffiffiffiyp

ðt0 − yÞ1þa
Ma

gy
ðt0 − yÞa
� �

e− x2
4yD0e−ray dy

 !

dt0:

In the limit of rtrap ! 0; we recover the normal diffusion:

lim
g!0

UDEðx, t; aÞ ¼
1
ffiffiffiffiffiffiffiffi
pD0
p t−1

2e− x2
4tD0 e−rat, (15) 

where the relation (14) was used.
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In the case of a ¼ 1=2; we obtain

UDE x, t;
1
2

� �

¼
g

2p
ffiffiffiffiffiffi
D0
p

ðt

0
dðt − t0Þ þ

g
ffiffiffi
p
p
ðt − t0Þ1=2

� �

�

ðt0

0

ffiffiffiyp

ðt0 − yÞ3=2 e− g2y2

4ðt0−yÞe− x2
4D0ye−ray dy

 !

dt0, 

where we used Cð1=2Þ ¼
ffiffiffi
p
p

: For a numerical purpose, we change varia
bles as y ¼ tt1 and then change t1 ¼ 1 − s2

1 in the first term. Similarly we 
change variables as t0 ¼ tt1; y ¼ tt1t2 and then change t2 as t2 ¼ 1 − s2

2 in 
the second term. We obtain

UDE x, t;
1
2

� �

¼
g

p
ffiffiffiffiffiffi
D0
p

ð1

0

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − s2

1
p

s2
1

e
−

g2t 1−s2
1ð Þ

2

4s2
1 e

− x2

4D0t 1−s2
1ð Þe−ratð1−s2

1Þ ds1

þ
g2 ffiffi

t
p

p
ffiffiffiffiffiffiffiffi
pD0
p

ð1

0

1
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − t1
p

�

ð1

0

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − s2

2
p

s2
2

e
−

g2tt1 1−s2
2ð Þ

2

4s2
2 e

− x2

4D0tt1 1−s2
2ð Þe−ratt1ð1−s2

2Þ ds2

0

@

1

A dt1:

Figure 1. Comparison of the solution (blue line) to the transport equation (10), the solution 
(red line) to the fractional diffusion equation (13), and the solution (ocher line) to the normal 
diffusion (15) at t ¼ 10 min: In panel (a), the parameters are set to rtrap ¼ 0:1 min−1;

c ¼ 0:1 min; a ¼ 1=2: The same parameters are used in other panels except that (b) rtrap ¼

0:01 min−1 and (c) c ¼ 1 min; respectively.
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Figures 1 and 2 show the solution URTE to the transport equation (10)
and the solution UDE to the fractional diffusion equation (13) as functions 
of x ½cm� together with the normal diffusion (15). We see that URTE and 
UDE match as x increases. The solutions at t ¼ 10 min are shown in 
Figure 1 and solutions at t ¼ 100 min are shown in Figure 2. In panel (a), 
the parameters are set to rtrap ¼ 0:1 min−1; c ¼ 0:1 min; a ¼ 1=2: In panel 
(b), the same parameters are used but rtrap ¼ 0:01 min−1 to show that for 
a small rtrap; the propagation enters the diffusion regime for a shorter dis
tance. In panel (c), c ¼ 1 min while other parameters are the same as those 
given in panel (a). When c is large, URTE and UDE differ more for small x. 
Mathematica (Wolfram Research) was used to produce Figures 1 and 2.

6. Concluding remarks

Indeed, the derived fractional equation is the time-fractional advection–dis
persion equation (Schumer et al. 2003; Suzuki et al. 2016). As a related 
model, the tempered anomalous diffusion model is known (Meerschaert, 
Zhang, and Baeumer 2008). The fractional equation in this paper is derived 
from the radiative transport equation in a straightforward manner.

The waiting time distribution is also used for the continuous-time ran
dom walk. However, the physical meaning of the solution to (1) is clearer 
than random walkers. That is, w is the angular density of tracer particles 
while the relation between tracer molecules and Monte Carlo particles is 
vague.

Figure 2. Same as Figure 1 but t ¼ 100 min:
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If rtrap is tiny (there is almost no dead-end pore), the fractional- 
derivative term in (9) is negligible. In this case, the usual advection–diffu
sion equation is recovered. Finally, we note that the diffusion approxima
tion can similarly be done in the case of the exponential decay, 
wðsÞ ¼ 1

s
e−s=c; but the resulting diffusion equation only has a first-order 

time-derivative term.
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