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1. Introduction

The discrete-ordinates method was first proposed by Wick [1] and Chandrasekhar [2]. In
one-dimensional transport theory, analytical solutions are available in terms of singular
eigenfunctions by Case’s method [3-6]. The method of analytical discrete ordinates (ADO)
[7-10] assumes the same separated solution as Case’s method for the equation in which
the cosine of the polar angle is discretized. Although the method was constructed for
the one-dimensional transport equation, the searchlight problem in three dimensions was
considered with ADO in the case of isotropic scattering [11]. ADO was developed for the
one-dimensional transport equation with the scattering phase function which has the polar
and azimuthal angles [12].

In this paper, we consider the three-dimensional radiative transport equation with gen-
eral anisotropic scattering and construct ADO in three dimensions with the help of rotated
reference frames [13]. We assume that the medium is homogeneous, and the scattering
and absorption coefficients of the radiative transport equation are constants. Furthermore,
we assume the pencil beam for the source term. The formulation is a direct extension of
ADO developed in one dimension and the introduction of a pseudoproblem is not neces-
sary. This is made possible by the knowledge of three-dimensional singular eigenfunctions
obtained from the extension of Case’s method to three dimensions [14]. For isotropic
scattering in an infinite medium, solutions are known for different sources [15]. General
anisotropic scattering can be treated in the numerical scheme proposed below.
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Kim and his collaborators developed discrete ordinates for the three-dimensional radia-
tive transport equation [16-18]. The present method is similar to their formulation in the
sense that the same structure of the plane-wave decomposition is derived and discrete ordi-
nates are used. However, in the three-dimensional ADO which is developed in this paper,
the explicit expression of eigenmodes are obtained and there is no need of computing
eigenvalues for each Fourier vector.

The rotated reference frames were first introduced in the spherical-harmonics method
[13,19,20]. In particular, Markel devised an efficient numerical algorithm called the method
of rotated reference frames [13, 21, 22]. In the three-dimensional ADO, eigenmodes are
obtained by the rotation of the eigenmodes for the original ADO in one-dimensional
transport theory.

The remainder of the paper is organized as follows. In Section 2, the radiative transport
equation is introduced. The specific intensity is then decomposed into the ballistic part and
scattering part. In Section 3, eigenmodes are considered. Using these eigenmodes, the scat-
tering part of the specific intensity is calculated in Section 4. The formula for the energy
density is derived in Section 5. In Section 6, numerical tests are performed. Concluding
remarks are given in Section 7. The fundamental solution is calculated in the Appendix.

2. Radiative transport equation

We consider the radiative transport equation in the three-dimensional space R3. Let r € R3
be the position vector with r = (p, 2), p = !(x, y). The direction of propagation is specified
by unit vector § € S?. The specific intensity /(r, §) obeys the following radiative transport
equation:

(8- V+u)lr,s) = Msf p(s,8)I(r,8") ds' +f(r,$), (1)
SZ
where V = 9/9r, and u; > 0 and us > 0 are constants. Moreover, we assume that ug =

Wt — s is positive. We have I(r,s) — 0 as |r| — oo. Here, p(s, §') is the scattering phase
function which is assumed to be

Imax Imax i
A A 1 A A N R
pE3) = @+ DgPG-3)=3" > §Vim®Y},6) 2)
|1=0 1=0 m=—/

with Inhax > 0, Legendre polynomials P;, and spherical harmonics Yj,,. Spherical harmonics
are defined as

2041 (I — m)!

Yim(®) = Yim(w, @) = 4z d+m)

P (1) €™, (3)

where i € [—1, 1] is the cosine of the polar angle of §, ¢ € [0, 27) is the azimuthal angle of
s,and P/" (i) are associated Legendre polynomials. The constant g [0, 1]is the anisotropic
factor. We will consider the following source term:

f(r,8) = 8(p)3(2)5(s — o), (4)
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where §(p) = 8(x)8(y) and §¢ € S2. That s, I(r, §) is the fundamental solution of the radia-
tive transport equation. Here, § € S? is given by

s (@ e V1 —u?cose (5)
)’ T\ V1= u2sing
for —1 < <1,0<¢ < 2m. We note that §(s — Sp) = §(1t — o)d(¢ — @) With o, po

angles for sg.
By dividing both sides of the above radiative transport Equation (1) by u, we obtain

G Vor D8 = o [ PG+l ), ©

where r, = e, Vi = 9/0r,, I, (r,8) = I(r,8), and
fo(r,$) = i“" §) = 128(p)3(2)5(5 — So). %
Here, @ = wus/ut € (0, 1) is the albedo for single scattering. Hereafter, we will drop the

subscript *.
We decompose the specific intensity into the ballistic and scattering terms as

I(r,8) = Ip(r,8) + Is(r,S). (8)
The ballistic term /,, satisfies
8-V + Dlp(r,8) =f(r,8) inR>x S )
The scattering term /s satisfies
S-V+D(r,$) = /sz p(s,8)s(r,8)ds’ + S(r,8) inR3 x S?, (10)
where
Sn3) = w /S P8 A8 (a1

Let us introduce the step function ® as ®(x) = 1forx > 0and ®(x) = 0forx < 0. We obtain

2
Io(r,8) = ®(Moz)|Z—;|5(p — woz/ o) @ H/M05(5 — &), (12)

where wy, 119 are components of 5. We note that

1 Jv1— 2
8(p — wz/p) = —8 (|p| —zT“)

8 _
o] (¥p — )

_ z
EGETRE
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where @, is the angle of p and p = |p|. Hence,

S(r,8) = wp(s, §o)®(uol)%§|8(/} — woz/ o) € 7/Ho. (14)
The Fourier transform Is(q, z, §) is given by
15(q,2,8) = fR i e 4P (r,8)dp, (15)
where
q=q<§?;£:), g=1lal, 0 < ¢q < 27. (16)

This I5(q, z, 8) is obtained as the solution to the following equation:

d ~ . A e any R
<M8— +1 +ia)-q> Is = w/ p(s,8)(q,2,8)ds' +S, zeR, §eS% (17
z S2

where
5a.2,8) = @pG, §o)®(uoz)|Z—§| e #/Ho g~idenz/io, (18)
The scattering term is given by
Is(r,8) = Is(p,z,8) = Gy /R i e'977(q,z,8) dq. (19)
We note that
®-q=qy1— p2cos(¢ — ¢q). (20)

We will obtain /s by using discrete ordinates:

where J; is the solution to the following equation:

2N 27
d . v A ALY X~ =
(uia—z + 1+ iw; - q) li=w E W,-r/ p(si,81)ls(q,z,87) dg’ + S (22)
, 0
i'=1

for ze R, §; € S%. Here, we discretize the integral by discrete ordinates with the
Gauss-Legendre quadrature of weights w; (i=1,...,N ). We use the Golub-Welsch
algorithm [23]. Welabel uj (i=1,...,N)suchthat0 < uy < up < --- < uy < land -1 <
HaN <+ < UNt2 < UN+1 < 0 (un4i = —pi, 1 < i < N). Furthermore, we introduced

. J1 = 2 cos
Si= (a),) , wp= ol v (23)
Hi J1—u?sing

fori=1,2,...,2N,0 < ¢ < 27.We have

wi-q=qy/1 — uf cos(p — gq). (24)
@?(q,9) = qy/ 1 — 2 cos ¢. (25)

Let us define
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3. Eigenmodes

In order to obtain 75 in (22), we find the solution ito (28) below with separation of variables.
We refer to | as eigenmodes. The eigenmodes are labeled by a separation constant v. This
constant v, which is referred to as an eigenvalue, is the reciprocal of the square roof of an
eigenvalue of the eigenproblem (92) below or the negative of the reciprocal.

We begin by defining unit vector k as [13]

k =k(v,q) = < i”“) k,(vg) = V1 + (vg)?, (26)

kz(vq)

where v € R. We will extend the rotation in R3 to C3 by analytic continuation (see (33)
below) [21, 22]. To this end, we extend the usual dot productin R3to C3 as« - B = a1 81 +
a2y + azfs fora, B € C3.We note thatk - k = 1. We have

8-k = —ivg/1 — p? cos(y — gq) + k(v . (27)

Let us consider the homogeneous equation below (i.e. the Equation (22) without the source
term §).

9 27
< iy +1+iw; - q) (q,2,8) = ZWI’/ p(si, l’)l(qrz $) de’ (28)

i'=

forq e R?,z e R, §; € S2. Let R, be the operator which rotates the reference frame in such
a way that the z-axis is rotated to the direction of k [24]. In ADO for the one-dimensional
transport equation, the separated solution in which the spatial variable only exists in
the exponential function was used [7-10]. In the same spirit, we assume the following
separated solution:

1(@,2,8) = Ry, q 0 Gi) e 02/, (29)
where
D7) = ¢ (v, (1 — p)M/Z MY, (30)
The function ¢™ (v, 1) is normalized as
2N
Y Wi (1 = )M =1, (31)

i=1
The normalization condition (31) implies

2

w, ", 5 - K1 — & - k)2 dp = 1. (32)
277

We note that
/
RiYim@®) = Y e Mkd] (00 im (), (33)
m'=—/

where din/m are Wigner's d-matrices [25]. If k € R3, the operator R means the usual rota-
tion of the reference frame in R3 such that the z-axis coincides with the direction of the
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vector k [13]. For k € C3, the polar angle 6 and azimuthal angle ¢; of k in the laboratory
frame are analytically continued as follows [21, 22]. We write

cos@r(:if(:f(z, sin9|~(=,/1—c0529|2=,/i<,%+f<§ (34)

and
k k
COsgp = ———, Singp=—F—. (35)
ki + kg ki + K

We take square roots such that 0 < arg 4/z < 7 and J4/z > 0 for all z € C by drawing the
branch cut on the positive real axis. The angles 6, ;. of k are given by

COS b = ke W@, sinfy o =ilva| (36)
and
o
We can write
B Or) = G [T VD], (38)

Using Y} (8) = (=1)™Y|_m(S), we have

m=—|

i I}
RiYim@® = (=D " e ™Mhd , _ 0)YmB) = > e'm’wﬁdin/m(eﬁ)y;’;n,(a). (39)
i

m=—

Moreover, we have

i
Ry Win® = 3 & il 0V B, o)
m'=—|
I .
R Vi@ = D e Md) 6V (). (41)
m'=—|

The identity R;RRY/m@) = Y;m(8) can be derived with the formula Z'm,zf, dﬁn/m(er()
Ay ) = Smm-
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We note that uj = §; - 2, where 2 = (0,0, 1). We have
RIA((v,q)'ui = §,’ . |A((l), q) = —ivw, | + i(z(VCI)/L/. (42)

This relation is also obtained as follows using dgo(e) = cos0, d}o(e) = —(1/4/2)sin#, and
o (0) = (=)mmd L ©):

4 .
Riwqti = ?Rﬁ(wq))ﬁo(si)

1
4 —im' g ¢
= /? Y e Md] o (0) Vi ()

m=-1

= /1 — pufsinf; cos(p — ;) + i cos O
= k,(vq)pi — ivgy/1 — pu? cos(p — q). (43)

By substitution, we have
Ao 2N
$i-k(v,q) . o .
(1 - IT) Rig PV 6) =@ > wi /0 PGi 81 Ry, q P G de’.  (44)
i'=1

Now, we view (44) in the reference frame whose z-axis is rotated to the direction of k. Note
that p(§;, §y) is invariant under rotation because it depends only on §; - §;. We note by (42)

A

gi . I/i(vl q) = RR(U,q)gi - Z, (45)

where 2 = (0,0, 1). If we operate RE(1 @ on the left-hand side of (44), we obtain
V)

1 -k mer o1 o 82\ .
Rf((v,q) (1 N v Rk(v,q)cbu (s) = RIA((v,q)Rk(qu) 11— _l) D (s0)
-2 R
= (1 - —) D7 (%) (46)

Let us rewrite the right-hand side of (44) as

2
w ZW"’ /O P81 R, PV Gi) do’

i'=

2
e e ma ’
=w Z wy /0‘ p(Rf((U’q) Sis RIA((U,q) si/)Rf((V’q) d>p (Sj’) d(ﬂ

21
~w Dy wy /0 PR, q i $1) ) (87) do'. (47)

In the last step of the above equation, we used the fact that the integral over all angles is
invariant under the rotation of the reference frame. Similarly by operating REJ " on the
v,
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right-hand side of (44), we have
Z S aTe M deo
k(l) q) WI /0 p(sll sl )Rk(u,q)q)v (sl ) d(p
1 2
_ A A mga /
Rewa® E wy /O PR, q 8ir 1) Py (87) do
i'=1

2
=w ZWI’/O p(s;, 87) @ (87) dg'. (48)

i'=1

Thus by inverse rotation, Equation (44) is reduced to

(1-%)era) —wlmf Y g Y,/m«s,)Zw,v /0 T i @eTEndy @9
=0m'=-/ i'=1
fori=1,...,2N.We have
> wi f - Vi G ®T(31) A’ = Sy (=1 @I + D g (v), (50)
i'=1
where
gl = (=" glm),z wid™ (v, u) (1 = 1))™2P (). (51)

Noting that P/_m(Mi) = (=D —=mY/d+mlP(wi) and PR(ui) = (=1)"(2m — 1)l
(1 — pu2)™2 (m > 0), we obtain

em-n . /2m)!
Jemt  2mml

for m > 0. Equation (49) is written as

gm) = s ") = (=1)"gn(v) (52)

I
Ki\  m m m N> oy r—m! .,
(1= 5) e = up)m2 = Z=1) 2o 0\ [ PP EOIF )

=|m|

(53)

l
p7"<u>=(—1)”',/5,+ T a0 = )T, (54)

mo . @m—-1i _ J/2m)
Pm(n) = Jomt ~ amm
for m > 0. Moreover, from (| — m + 1)PJr1 (w) = QI+ 1);1,P;"(;L) — I+ m)P,"l1 (n),

U+ D2 = m2pl () = Q@1+ Dp]" () — VB — m2p () (56)

Let us define

We have

Py () = (=1)"pm(w) (55)
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for/ > |m|+ 1,and

Pimis1 (W) = V2Im| + Tup (). (57)
Thus,
wv /max
0 = g™ v, ) = —- ,; ‘(2// + 1 P (1 g (v). (58)
We note that
2N
grw) =Y wi" , )P (u) (1 — uH™. (59)

i=1

The following recurrence relations are obtained.

VU+ 12 —m2gl ) + VP — m2gl ()

Imax 2N
wV ’
= @+ gl ) - —- > @+ D@+ g gl ) D> wip (udp] () (1 — )™,
I'=|m| i=1

(60)

Recall fl1 PP ()P () dpe = 2(1 + m)!8y /121 4 1) (I — m)!1. For sufficiently large N, the
recurrence relations below are obtained.

V412 =m?gll,(v) + VI = m2g[", (v) = vhig"(v) (61)

for/ > |m|+ 1,and

V2Im[ +1g[5 1 (v) = vhimig[n, (v), (62)
where
20+ 1) —@g), 0<I<Ina
h — 21+ 1)( wg) < I =< Imax (63)
21+ 1, I > Imax-

The polynomials g;"(v) are called the normalized Chandrasekhar polynomials [26, 27].
For numerical calculation, gj"(v) can be computed using the recurrence relations. To
compute g;"(v) forv > 1, we define [27]

_ g/, (v)
V) = . (64)
97 ) gl (v)
Then we have
2 _ 2
| m (65)

7" (v) =
I o ST 0 - mir )

for/=|m|+1,Im| +2,....We can set g"(v) = 0 for sufficiently large /. Using g;" (v), we
obtain

gl (v) =g Mg v), I=Iml,Iml+1,.... (66)
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Suppose v # . Then from (58),

@v g™ (v, 1))

" (v, i) = —T———, (67)
2 v
where
Imax
g ) = Y @+ 1g PP (gl ). (68)
I'=Im|
We obtain
D) @y
PTG = —"—— ) VI +1)dg (»)Vim ). (69)
i oy

Ifv=£s;- k, we have

@y g"(v,3 - kv, q)

" (v, 8 - k(v,q) = A .
' a 2 v—38-k(v,q)

Thus,

1,
1 m max .
Rio @76 = — 70 3 SO Dnglgl ) R g YD) 1)
v—si-k(v,q) = i

The above eigenmodes satisfy the orthogonality relation.

Lemma 3.1:
2N 27
D wini | (R @0 G Ry @0 " 6 dg = N, Do b, (72
i=1

where N (v, q) is a positive constant which depends on v, q.

The factor V' (v, q) in Lemma 3.1 satisfies N (—v, q) = —N (v, q) because g™ (—v, —uj) =
g" (v, ;). Note that

2
Imax
N 7T
|97 3)I° = e S| Y V2419 Yim (i, 0)g]" () | (73)
I=|m|

and fork = R(v, a9,

1
% Ar
-1 —1 2 1 A
RR Hi =4 ?Rf( Y1i0(8i) =4/ 3 E domy O Y1m (50)
m=—1

= k:(vg)p; — ilvgly/ 1 — p? cos g, (74)



3166 (&) M.MACHIDA AND K. DAS

Since integrals over all angles do not change their values if the reference frame is rotated,
for sufficiently large N we have

2
Dot [ (R O 60) (R, g O Gl

2N 2
> w / HiRy (T GIDT ()

2
m ms
W'/ o vy Rk, (PV (D DY (3i))] dgp

2
_ . -1 N M (&) |2
= E w; A (Rf((vlq)u,)lq% (s)|” do. (75)

Hence we have

2w
~ . -1 3 dM(S; 2
N~ wi | Rl udloT G dy
R 2N
= 2mkz(vq) ) wiru| @7 G 2. (76)

i=1

Proof of Lemma 3.1.: We begin by expressing (44) as
gf ° IA((UI q) A
(1 — —v Rf((v q)q)T(S,')

Imax / 2
@y Z Y/m/<s,>2w,/ Vi G Rt PV i) A’ (77)
=0 m'=—1

i'=1

Note that v = v™ depends on m. Let us consider ky = R(qu,q) and k, = R(vg’z,q). We
have

(R, @02 Ry (1 ><I>"” ()

Imax 2
= (R, ¥ Gw Y Z g Y/m(s,)Zw,-f /0 Vi BR @) de’ (78
1=0 m=—| i'=1

and

(R, @™ G)IRy, ( ) M2 (3))

Imax

2
= (R, @1 G ) Z gY,m<s,)Zw, / Yim( Ry @123 dg’.  (79)

1=0 m=—I =1
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By subtraction,

——(Rk2<D PG Ry, mi®y (S:)+—(R DU () Ry, 1i P77 (51)

Imax 2
= Ry, OGN Y Z g Y,m<s,)Zw,~/ | Vinta Ry, @ G g
1=0 m=—1 0
/max
— (R @ &)@ Y Z gv,m(son, / Vim$1) Ry, @12(87) dg’.  (80)
1=0 m=—I i'=1

Hence by summing both sides of the above two equations by Zﬂ w;i fozn do,

V2 V1

I P 2N 27
(kz(vzq) ~ kz(V1q)> ZW’/ (R, @M (§) (R, @72 (3))dp =0, (81)
i=1 0

Suppose v = vy = vy but my # ms. In this case, k = R1 = ﬁz and
2T
S w / (R O™ (3)) (R @™ (3)) dp
0
2
= Z W//(; i(R @7 (8) D2 (81) dg o< 8my,—m, - (82)
Noting that v=™ = v and ®; ™ (s;) = P[™(8;), we have

2
w, / (R, B (3)) (R, B2 (8)) A X Sy Sy (83)

Let us calculate eigenvalues. Equation (49) can be rewrittenas (i = 1,...,2N, —lmax <
m < Imax)

/max
o
(1=5)emwumr =5 3 d'@ +pf ) 3 whpF )1 — D80,
/’—|m\ I'=1
(84)
Hence,fori=1,...,N,

(1=5)em ) = 5 3 g @ + D] (1)

I'=|m|

N
<Y wipl (i) (1 = )™M v, i) + (=) T (v, — )],
i'=1
(85)
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/max

(1 + %) " (v, —pi) = % Z g' @+ Vp ()

I'=|m|

N
x> wip (i) (1 = p)M=1 YT W, i) + 7 (v, = i),
i'=1

(86)
We arrive at the following matrix-vector equation:

1 m w msMm m M
</ - —a) OT(W) = —WPRT) + WIeT ()],

v
1 —~ m w m fMm m s Mm
IN+—E)dT(w) = —[IW"OT(v) + WT D™ (1)],
v 2
where Iy is the N-dimensional identity matrix. Matrix E and vectors ®'! are defined as

M ¢" (v, 1)
;O (v) = : : (88)
UN ¢" (v, £un)

[l

Elements of the matrices W' are given by

/max

Wy =w; Y @+ gl (Eudp] () (1 — ud)!™

I=|m|

Imax
(= m)!

=w; > @2+ 1)g

PP (EuDP] () (1 — )2 (1 = pyImir?

|
Pl (+m)!
Imax 2\|m|/2
— 1)
= 4w /Z| gt —ppy7a V(43 0Yim 14:0), (89)
m

where we wrote Y, (§;)) = Yim(wi, ¢). The fact &7 (—v) = <I>$(v) implies that —v is an
eigenvalue if v is an eigenvalue.
According to [7, 28], we introduce

U"() = o () + @7 (v), V") = 2T () — o7 (). (90)

By adding and subtracting two equations, we obtain
") — - EV"(v) = —(W_T + WU (v),
V() — %EUm(U) = Zwr - wmvm ),

2

Hence we arrive at [11, 29]
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where
m 24 m my | m—1
Eiz[IN—?(W+:I:W7)]n : (93)

We note that (92) is not the only matrix-vector equation for 1/1)2 (see [30]). From (92), the
eigenvalues are obtained as

v=v">0 (n=1,....,N m=0,...,Imax) (94)

with the relation v, = v[". In addition, —v;" are also eigenvalues.

4. Scattering term

Let ¢g be the azimuthal angle of §;, for some ig. By setting S=68(z— 2)8ii,6(¢ — o) in (22)
forz' € R, let us consider the fundamental solution Gq(z, §;; 7, 8,):

d n o
(MIE +1+iw;- CI> Gq(z,8i;Z,8iy)

2N 27
= Z wy f p(5i,81)Gq(z,81;Z,8iy) do + 8(z — 2)8ii, 8 (9 — @o) (95)
0

i'=1
forze R, 1 <i<2N,¢ €[0,2r). We obtain (see Appendix)

Imax N

~ N Wi & (vm N /M
Gq(z, 87,8 = 2 : 2 :—°e¥ 2 (v ) (z=2) /vp
a(#5ii. 5i) N, q)

M=—Imax N=1

x (R, q"jzvrrp (31'))(73,;i D (8i)), (96)

Vn
where upper (lower) signs are taken forz > 7z’ (z < Z’) and
ki = k(xv7, q). (97)

Let us define

T/t _ a—T/n
C(r;¢,n) = %- (98)

We note that C(—1; —¢, —n) = —C(z; ¢, 1) and

C(tinm) = % (99)

The solution 75 to (22) is obtained as

. 2N 2 poo -
IS (q: Z, Sj) = Z / [ Gq (Zl sf; Z/l Si’)S(qr Z/I Si’) dz/d(p/
p=170 J=%
_oug [

2N 27
=T @(mz’)[} f Gq(z,éf;z’,éf/>p<§;/,§io>dw’} e~ (IHaw0)z/ko 47/, (100)
Mol J—co : 0
i'=1
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Since p(sy, 8iy) = p(RgSi, RiSiy) for a unit vector k € C, we have

/max / /max |
DN GGG =D Y g RYm BN (R, io))- (101)
I=0 m=—/ I=0 m=—I

We obtain

2N 27

At A A ,
E / Gq(z,8i;Z,57)p(s7, 5iy) do
: 0
=1

Imax

- 3 g R e 0

M=—Imnax N=1

Iax 2

Xy Z g R, Y,m,(s,O»Zw, / i @7 3) (Rye Vi (31)) dg/
=0 m'=—1 =1 0
/max

ﬂsz( nDE=2/ R, M (e

M=—Imax N=1

Inax 2
x Y Z g (R Y,m,<s,0)>Zw,/ / O (87) Vi (87) dgo' (102)
=0 m'= =1

To reach the rightmost side of the above equation, we used the fact that the discretized
integral over all angles is numerically unchanged about the rotation of the reference frame
for sufficiently large N. Hence,

2N 27

E / Gq(Z, s;;Z, si)p(Si, gfo) ng/
p 0
i'=1

Imax

~ ) ZN(U o eTNEIIT Ry 0T 8)

m=—Imax N=1

Imax 2
x Y Z 9y Y,m,(sm)Zw, / O (81) Vi (81) doo’
1=0 m'= i'=1
T g D7 Fh Q) 2—2) vl m e
/max
x Y Jal+ 1)ng’g?(iu;")(nﬁiy;;n(eio)), (103)
I=|m|

where we used (50).
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Hereafter, we assume

$o=2=10,0,1). (104)
Since
R 21+ 1
Ry, Yim(@) = \| =, —doplit (vn@)], (105)
we have
2/ +1

Ric, YimGio) = Ripym g Vim@ = ypm it (VT'Q)1. (106)

If (103) is substituted into (100), 75(q, z,8;) is calculated as

lmax

2 z
7s(q,Z,§i)= wzl/vr/ @(Z/) Z Zj\;(;)q) —kz(v q)(z—2))/v" (R (I) (S/))

m=—Inax N=1

Imax
x Y@+ D)g'gl M dhlit )] | e /10 dZ’

I=|m|

2 [ee) Imax
W [ht / (=nm k(u"’q)(z—z’)/v'" m e
+ Z\Yn n RA [0} m(S;
2 /z 0@ 2 ZN(v m,q) P P2 &)

M=—Imnax N=1

/max
x Y@+ )g'gl (—vdppliz (v @] | e /M0 dZ. (107)

I=|m|

In the above equation, we assumed that N is large enough that the approximation in (103)
is numerically exact. Thus we have

Imax ( .I)m m

—_ vV
l(@.z,%) = — (@@ + ¥2) + (1 — O@)Ys], (108)
m—XI;naX nz; N(Vﬁnr q)kz(Vrr;nQ) 1 2 3
where

m Imax
Yy = c(m,#) (Ri, ®m30) > @+ 1dgl i dgplit(vag)], (109)

k;(v'q) I=|m|
~ 1,
e Zk, (v P .
Yy = ﬂ(nmi’w G) D @+ D)g'gl (= dyylit (vng)], (110)
vy +kz(V,’7"Q) I=|m|
eI}z(v,’,”q)z/vﬁ,”I} om R Imax
Ys = 0D e om @) Y @+ Dggl (oM dhliTma)l (1)

v + k(v q) B I=mi|
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5. Energy density

In this section, we return to the original unit of length and put the subscript * for the scaled
space variables. We suppose p # 0. The energy density U(r) is given by

U =/ I(r,s) ds. (112)
SZ

Noting Iy ~ s by the discretization of the cosine u of the polar angle, we have

u(r) =/ Ip(r,8)ds + / 'q"’“‘/ 15(q, 2, 8) ds dq
(2 )2 IR2 s2

! / iq-pup /271 7 e
~ e t w;i ls(q, z, S;) dp dq
(27[)2 RZ ; ] 0 N *r7 9]

1 0 2N 2 .
=T @ Y w / 14(a, 20,8 dp dg
27[ /(; ES ; ] 0 S *k i

= U(p, 2), (113)

where o, = utp, Ze = uz, and we used the Hansen-Bessel formula

1 27
Jo(x) = _/ eX<0s¢ gy (114)
2 0

with Jo(x) (x > 0) the Bessel function of order 0. Note that

2N 27

k(v.q)

for sufficiently large N because sz Ry @7 () ds = sz @7 (s) ds. Within this approximation
we have

o 2 00
U(p,2) = ZEL | qlo(ap.)F(g,2.) da, (116)
2 Jo
where
0 e_z* J— e—l}z("gq)l*/”g Imax
F(q,z:) = O (24) —— 1+ 1)g'g? (v dh, it (vag)]
(q,z4) = ZN( ) % kz(v,?q)—v,? ; 99, (vVp)dpg nq
—Z /max
e .
+0(z*)A—Z( /21 + 1)g'g] (vP)dplit (vn@)]

(VOQ) + Vn 1—0

ke (199)z, /vY  Imax

+(1 - 0@)) ——— Y (=D + 1dgd? WO d)litval | (117)
z<v°q)+vn§ %
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For the purpose of numerical calculation, we use the asymptotic expression of the Bessel

function:
Hol = \/g [(1 - 122)(2 " O(X_4)> cos(=3)
(ol o
We define
d(@, p+)
— qhol@p.) — | 22

*

1 9 x 1 75 ) , 7
* [( - 128(qp*)2) cos (ap- - 4> N <8qp* T 102490007 ) " (90 - 4>]
(119)

Let us set
T

a— . (120)
4p,
We have
2 ra 2 [
w U il
U(p,2) = f/O aJo(ap:)F(q,2:) dg + 2t/ d(q, p+)F(q,2:) dq
a
n wuf Oo[F (5, 1) + F2(s, 1)1 ds (121)
27[,0* 0 1 TAEYS 2 r Uk 1
where s = g—a,
Fis,r) = [s+ — (1 2 F(s+-—,z ) cos(sps)
1(5,1) = 4p, 128(sps + 7)? 4o, " (122)

Fa(s, ry) s+ 2 ( ! 75 )F(s+ 7 )s'n(s )
r) = - - —,Zy | si .
P T 4, \BGp + T) T 102400, + 2)° ap, )

The integrals fooo F1(g)dqg and f0°° F»(q) dg can be evaluated by the double-exponential
formula [31-33]. Define

t
o) = T e 6snht (123)

with

1 — (1 4+ 6tcosh t) e~0sinht
11— e—6sinht)2

¢'(t) = (124)

With the approximation of the double-exponential formula, we can write

00 Nk
b4 b4 h h
Fisr)ds~ = Y F kh+=) )¢ (kh+2),
/0 15, 1) ds Px KN, 1(h,0*¢< +2) r*>¢ ( +2>
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Ni

o g 14 ,
/0 Fy(s, ry) ds & - kgk F> < hp*¢(kh), r*> #' (kh), (125)

where Ny > Ois aninteger and h is a mesh size.

6. Numerical tests

Let us compute U(r) = U(p,2) = [ I(r,$) ds in (112), where I(r, §) is the solution of the
radiative transport Equation (1) for the source term f(r,8) = §(0)8(2)8(5 — So) given in (4).
As was assumed in (104), s = 2.

Numerical calculation was conducted for

pa=001Tmm™", us=10mm~', g=00r009. (126)
When the integral (116) over g is computed for U(p,z) making use of the double-
exponential formula, we set h = 0.01, and Ny = 400. The trapezoidal rule was used for the
first two integrals in (121) with 10* trapezoids. The upper limit of the second integral was
set to 1. We took 101 points on the z-axis between —50 and 50 mm(g = 0.9) or —5 and
5mm(g = 0). Results are shown in Figures 1- 4.

We set g = 0.9 in Figures 1 and 2. We first set p = 5 mm. In Figure 1(a), U(p, 2) in (121) is
plotted for lmax = 9. A smooth curve is obtained when N = 9and N = 11.Figure 1(b) shows
that the calculation with Inax = 3and N = 3isalmostidentical to the result for /hax = 9and
N = 11.Using FORTRAN (gfortran), the computation time was 5.6 s for lax = 9,N = 11 and
0.5s for Imax = 3, N = 3 on a laptop computer (Apple, MacBook Pro, 2.3 GHz Intel Core i5).
Next we set o = 2 mm. Figure 2(a) shows that only the case of N > 11 is successful when
Imax = 9. In Figure 2(b), the result for lhax = 3, N = 3 is close to the curve for Imax = 9,
N = 11, which gives the converged curve.

In Figures 3 and 4, U(p, z) in (121) is compared to Monte Carlo simulation. The Monte-
Carlo RTE solver MC [34] was used with the number of photons 108. The Monte Carlo
simulation uses the Henyey-Greenstein model (lnax = 00). Parameters were chosen as
Imax = 3, N = 3.In Figure 3, we set g = 0.9.In Figure 4, g is set to 0. In both figures, U(p, 2)

0.3 T T T Nos 0.03 T T T
\n— Ina=1, N=11 ———
N=9 —— -3, N=
0.25 |- | N=11 1 0.025 | Imax=3, N=8 —— q
| Ina=3, N=11
02 p=5, Imax=9 | \“ 1 0.02 |- =9, N=11 // \\\\ 1
2 oisf | ‘\‘ 1 2 oot // \ ]
S || S
o1 [ 1 0.01 | / \ g
0.05 - | 1 ooos |~ ~
-10 -5 0 5 10 -10 -5 0 5 10
z (mm) z (mm)
(a) Dependence on N for lmax = 9. (b) Convergence behavior.

Figure 1. The energy density U(p,z) in (121) is plotted for p = 5 mm. The parameters are setto pg =
0.01, us = 10,and g = 0.9. (a) Dependence on N for Inax = 9. (b) Convergence behavior.
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06 — ‘ 04 ; ‘
v — Ipa=1, N=T1 ———
N=9 —— _ —:
05 | ‘\ \‘ Nas 1 oos | e N8 —— |
| Iax=3, N=11 ———
04 - ‘ ‘ b Inax=9, N=11
\ 006 [ 1
< o03f | 1 s
5 [ s
| ‘ 0.04 | ]
02| =2, nax=9 || R
|
01l ‘ ] ‘L i 0.02 P —
L~ »M/» S
I o | | |
-10 5 0 5 10 -10 5 0 5 10
z (mm) z (mm)
(a) Dependence on N for lmax = 9. (b) Convergence behavior.

Figure 2. SameasFigure 1 but o = 2 mm. (a) Dependence on N for lmax = 9. (b) Convergence behavior.

107 T

nnnnn

Ulp.2)

1 0-6 | | | | | | |
-40 -30 -20 -10 0 10 20 30 40

z (mm)

Figure 3. The energy density U(p, 2) is plotted. Results from (121) are compared to Monte Carlo sim-
ulation. From the top, p = 5, 10, 15, and 20 mm. The parameters are set to g = 0.01, us = 10, and
g = 09.

are plotted as functions of z for different p. Good agreement is seen in each line of Figures
3and 4.

7. Concluding remarks

In one dimension, the equivalence between the discrete-ordinates method and spherical-
harmonics method is known [4, 35]. In three dimensions, eigenmodes of the method of
rotated reference frames [13] are obtained by expanding singular eigenfunctions with
spherical harmonics [36] and then rotating the resulting expressions. However, the series
expansion in the method of rotated reference frames diverges because components of k
become very large even if k-k=1 always holds.

Kim and Keller [17] and Kim [16] established discrete-ordinates with plane-wave decom-
position for the three-dimensional radiative transport equation. Their method can be
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Ulp.2)

z (mm)

Figure 4. Same as Figure 3, but g = 0. From the top, p = 1,2, and 3 mm.

viewed as separation of variables assuming the form
i(@.2,5) = Vi (51, q) @ (127)

The eigenvalues A and eigenvectors V; are numerically computed for each q € R2. In the
present paper, on the other hand, the form (29) was assumed. The explicit form of the
eigenvectors is obtained and we can compute eigenvalues v by diagonalizing a matrix
once.

In Section 6, we computed the energy density. For the computation of the specific inten-
sity itself, the post-processing procedure [28, 371, which was proposed in the original ADO
is expected to help obtaining stable numerical solutions.

In this paper, the pencil beam (4) was assumed. For a general source function f(r, s), the
solution I(r, §) to (1) is given by

l(r,§)=f / G(r,s;¥,8)f(r,s)dr ds/, (128)
S?2 JR3

where G(r,8;r,8") (Y = (p/,Z)) is the solution of (1) for the source term §(p — p")8(z —
Z')8(s — §'). For any g, we can obtain G(r, s; ¥, Sg) simply by shifting p,z by p’,Z in the
solution I(r, §) to (1) for the source term (4). Moreover, the solution to (1) can be computed
without the decomposition (8) if the source term is smooth. In this alternative approach for
smooth f, the solution to (1) is obtained as /(r, 8) in (10) in which S(r, 8) is replaced by f(r, 5).
Accordingly, Sin (100) is replaced by the Fourier transform of . Then the calculation in Sec. 4
is modified in a straightforward way.
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Appendix. Fundamental solution
Let us obtain Gq(z, §; Z, 8;,) which satisfies (95). Since Gq — 0 as z — %00, we can write
Gq(zl gi;z/l gl‘())
Imax N - m
mp . m e a—k:01q)(z—2) /v,

Z ZAn Rk(v,’,",q) U,r]n (S,) e z\Vp n ,
M=—Inax N=1

z>7,

= ’max N (A 1 )

mo m ey ok (0Pqo)(z—2) VT
Z ZB,, Ricum,q) @7 3) 207 90 "
Mm=—Imax N=1

z<Z,

where coefficients A’ = AT'(q, 8;,), BY' = BJ(q,Sj,) will be determined from the source term. With
the source term, the jump condition is written as

1ilGq(Z' +0,5;;Z,8jy) — Gq(Z —0,8;;2,8)))]
= Giip6 (¢ — ¢o). (A2)
Hence,

Imax N
m m 2 m m a
weoy Z[An R, Py 51) — Bp RR(—vmq@fvs’(s")]

M=—Imax N=1

= 8iiy8(¢ — ¢o). (A3)

Using the orthogonality relation in Lemma (3.1), we obtain

m_ o o ems
" N(\)r’f’,q) Rk(u,’,",q)q)vm (Sig)s
—w; )
:— O™ (8. e

o ke

Thus we arrive at (96).
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