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Abstract

The Rytov approximation is known in near-infrared spectroscopy including
diffuse optical tomography. In diffuse optical tomography, the Rytov approx-
imation often gives better reconstructed images than the Born approximation.
Although related inverse problems are nonlinear, the Rytov approximation is
almost always accompanied by the linearization of nonlinear inverse problems.
In this paper, we will develop nonlinear reconstruction with the inverse Rytov
series. By this, linearization is not necessary and higher order terms in the
Rytov series can be used for reconstruction. The convergence and stability
are discussed. We find that the inverse Rytov series has a recursive structure
similar to the inverse Born series.

Keywords: Rytov series, diffuse optical tomography, inverse problems

(Some figures may appear in colour only in the online journal)
1. Introduction

We consider diffuse light propagation in a bounded domain 2 C R" (rn > 2) with a smooth
boundary 0f2. In diffuse optical tomography, coefficients of the diffusion equation are
determined from boundary measurements. In this paper, we consider the reconstruction of
the absorption coefficient.
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The time-independent diffusion equation is given by

—DoAu+ pu=f, x €€,

1
DO(?VM—F%u:O, x € 0f. M

Here, Dy, ( are positive constants, and 0, denotes the directional derivative with the outward
unit vector v normal to 0S2. Furthermore, 1, is the absorption coefficient and f is the source
term. The outgoing light u(x) is detected on a subboundary I" of the boundary (x € I' C 0).
On the boundary, we suppose u € LP(I") with some p > 1.

Since the cost function for the inverse problem of determining coefficients of the diffusion
equation in (1) has a complicated landscape, the reconstructed value is trapped in a local min-
imum if iterative schemes such as the Levenberg—Marqusrdt, Gauss—Newton, and conjugate
gradient methods are used. An alternative approach is the use of direct methods in which per-
turbations of coefficients are reconstructed. The Born and Rytov approximations are frequently
used in cooperation with linearization of the nonlinear inverse problem. When the (first) Born
approximation is compared with the (first) Rytov approximation, the superiority of the latter
has been discussed [2, 12, 15].

A systematic way of inverting the Born series has been studied [18, 21, 25, 26, 28]. That
is, higher-order Born approximations can be implemented with the inverse Born series. In this
way, the direct methods can be applied to nonlinear inverse problems without linearization. In
[17], the inverse Born series was implemented for the transport-based optical tomography.
In addition to optical tomography, the Calderén problem was considered with the inverse
Born series [3]. The inverse Born series was applied to inverse problems for scalar waves
[13] and for electromagnetic scattering [14]. The series was developed for discrete inverse
problems [8]. The technique of the inverse Born series was used to investigate the inversion
of the Bremmer series [31]. The inverse Born series was extended to Banach spaces [4, 16].
Recently, a modified Born series with unconditional convergence was proposed and its inverse
series was studied [1]. The convergence theorem for the inverse Born series has recently been
improved [11]. See [27] for recent advances. Moreover a reduced inverse Born series was
proposed [22].

Based on the success of past studies on the inverse Born series, in this paper we consider the
inversion of the Rytov series. In experimental and clinical researches on optical tomography,
quite often the Born approximation is impractical and tomographic images are obtained with
the Rytov approximation. After linearization, the Rytov approximation was used for detecting
breast cancer [6, 7] and used when the brain function was studied through the neurovascular
coupling [9]. The limitation of the linear approximation has been pointed out [5].

Indeed, the inverse Rytov series was considered for the Helmholtz equation and it was
numerically observed that the inverse Rytov series with the first through third approximations
give better reconstructed images than the inverse Born series [32]. In [23], intermediate approx-
imations between the Born and Rytov approximations were explored. The relation between the
inverse Rytov series and Newton’s method was investigated [29]. In these papers, however, no
systematic way of computing higher-order terms was presented.

The remainder of the paper is organized as follows. The Born series is introduced in
section 2 and the Rytov series is introduced in section 3. Then the inverse Rytov series is
discussed in section 4. Section 5 is devoted to the implementation of the inverse Rytov series
and numerical examples. Concluding remarks are given in section 6.
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2. The Born series

Let g be a positive constant. We write
pa(x) =g(1+n(x)), n=>-1

We suppose that 7 is supported in a closed ball B, of radius a:
suppn C B, C Q2.

It will be seen below that the Born series converges for sufficiently small @ > 0. We suppose
that n € L9(B,) for some g > 2.

Let uo(x) be the solution to the equation (1) in which p,(x) is replaced by g. We assume
that there exists a constant £ > 0 such that £ < up on I'. Let G(x,y) be the Green’s function
which corresponds to ug. Then the following identity holds.

() =10(x) ~ ¢ [ Glryno)ut)dy
Q
From the above identity, the Born series can be constructed as

Uu=uyg+u +...,

where
uj(x) = —g/ Gxy)nmu—1(y)dy (j=1,2,...).
Q
The first two terms of the Born series are obtained as

i (x) = —¢ /Q Gx.y)1()uo () dy.

) = [ [ GO0t drds
Let us introduce the multilinear operators Kj : LY(B,) x --- x LY(B,) — L?(I") such that
1 = —Kn®,
where 7% = n® --- @1 is the j-fold tensor product. Here we have
Kin=g | Gles)u0n0)dy

Knon=—¢ [ [ 6636000 o
BU B(l
In general, the jth term is given by
Kin™ = (—1V+1gj/ G(x,y1)G(y1,y2) -+~ G(yj-1,))
B,X---XBy,
X uo(yi)n(y1) -+ n(y;) dyr -~ -dy;.

Let us define the operators K; : LY(B,) x - - x L4(B,) — LP(I") such that

1 . . .
_ j77®J — Kj7l®]-
U
We introduce
uo(y2)

uo(-)

p=gsup |G, )z, v=2lBal"" sup ||G(-,31)

X€EB, V1,y2E€By,

)

Lr(T)

where r=¢q/(qg—1).
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Lemma 2.1. Forj =1,2,..,,

Proof. Forany f; € LY(B,) (i = 1,...,j), the multilinear operators K; are written as

1yt
(ulo)(:)g/B , GE)Ghny2) - Glj-1.)

<uo(y)fi(y1)---fi(y)dyr ---dy;, xeT.

Using Holder’s inequality, we have

||K;f1 - ®J$HL;)(F)

- [

U 30 -y
o (x)

A 1/q
<gP / ( / B Ifl(y1>---ﬁ(yj)|"dy1---dyj>

(Kifi @+ @f;)(x) =

/ G(xm)G(thZ)"‘G(yjfhyj)
a Ba

P

dx

r 1/r|P
uo (v
X (/ G(x,y1)G(y1,¥2) - G(yj-1,Y)) o) dyl"'dyj> dx
B, X+ XB, Mo(x)
uo(yy) |
y;
<l Willny [ | sop Gl ™8] @
T [y1,),€Ba uo(x)
p/r
X </ IG(y1,¥2) - G(yj-1,y))] dyl"'dyj'> .
B, x X By
We define
) 1/r
Ly =g (/ |G(}’la)’2)"'G(Yj—lv)’j)rd)’l"'de) :
B, x B,
Similar to the calculation in [25], we have
Ly <plia, I < |Bd|'pu.
Hence,
Loy < YBYT (7 =2,3,..0).
We obtain
IKyf1 @ - @ fill] oy < Ml as, -~ 151Gy 1.
Therefore,
- HK}f1® ®fl‘mr i
I1KjI| = O <.
oo f,ewwa) Ifillzos) == fillzecs,)
[i70 (i=1,..., h)
O
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3. The Rytov series
Let us consider the Rytov series: u = upe~¥1~%2~"". The function ¢; (j = 1,2,...) is propor-
tional to g/. In particular, we consider boundary values of u, uy at x € I". We introduce

o (x)
u(x)’
We assume ¢ € LP(T"). We have

P =¢(x)=In xel.

uo+u+--- > U;
SRV Ul e A Y (S T )
P =1In n —|—j§u0

7]
k
o0 oo
Do P
k 120
k=1 j=1
_M]+M2+"‘_(u]+l/{2+"')2 (ul+u2+...)3_
o U 2u} 3u}
= —hy— e

By collecting the first- and second-order terms, the first two terms of the Rytov series are
explicitly written as

In general, we have

J 1y
W

m=1

Z Uiy - Uy, j=12,....

il+'“+iﬁl:j

We note that the number of jth order terms in (i) +---)™" is
j—1
m—1 )’

In total, the number of terms in v; is

j—1 .
J—1 _nj—1
Z( m—1 >_2 :

m=1

We introduce the forward operators J; : L(B,) x --- x L(B,) — LP(I") such that

bi=In® (j=12,...).

Note that J; are multilinear. We have
K g
Jin=Kin=—2~{ Gx,y)u dy,
1m 1 uo(x),/g (2, y)uo(y)n(y) dy

. 1.,
Lnen=Knon+ = (Kin)’

2
2 5 5
— uf(x) /52 /Q G(x,y)G(y,z)up(z)n(y)n(z) dydz + ﬁ(}c)z (/Q G(x,y)uo(y)n(y) dy) .
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In general, the jth term is given by
|
&
=D 2
m=1 it Fin=J

(,u+u)’.71forj =1,2,...

(Kon®) - (K

Im

0.

Lemma3.1. We have ||J;|| <v
if e,y < (mtv)™!

Proof. We note the binomial formula:

J .
. -1 o
ey =30 (07 e
m=1
We have
J 1 3 5
5]l < Z% S Ikl 1K

m=1 " ii+-+in=j

J

Z(]_l) i
m

m=1

=v(p+vy .

Since we have
o0 o0 o0
D o llery =D Mm@ @nlleay < D Il s,
j=1 j=1 j=1
—1
v(p+v)" Y (Y (il
j=1

the series converges if ||7]| 1o, < (1 +v)™"

4. Inverse Rytov series

We begin by formally expanding the perturbation 7 as
n=m-+m+---
=N+ hY@¢+---
We refer to the above series as the inverse Rytov series. If we substitute the series
Jon®n+---, we have
n=0m+Jhne@n+-)+h(in+lLn@n+--
=NJin+ (N + DI @Ji)n@n+--

Den+ln@n+t -

Thus we obtain

JiJr+ NI ®J1 =0,
TS 1 J1 + J1 I+ Tl @I + T1J3 =0

6

Moreover the Rytov series converges

@

:J177+

)+
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Indeed, the equality n = J,J;7n does not hold due to the ill-posedness of this inverse prob-
lem. To consider 71, let us introduce n* as [17]

o = argmin (31— bl + k().
N€EBa

where R(n) is a penalty function with a regularization parameter « > 0 [10, 24, 30]. The reg-
ularized pseudoinverse of J; is defined as 7, : ¢ — n*. With this operator 7}, we have

D @Y =~NL(h @)W ey)=-T [kz(jl ®u71)(¢®1/})+%(k1g71¢)2 ;

and
T @Yty =—(hJi@Jh+ @] + T1J3) (1 @ i @ T1) (Y @ @)
=-NL1TY)® [k2j1¢®j17/1+ ;(iﬁjﬂb)z]

-7 {kﬂlw@mw + ;ahmw)z} ®J1 Jii

- [kg(m)@ + (K1 ) (Ka i) @ i) + ;(klmzx})ﬂ :

Forj > 2, we have

j—1
T==\D> I >, J@-0J, |N®-ad.

m=1 i+ i =j

Theorem 4.1. Assume that there exists a constant My < 1 such that (u+ 2v)|| 1 || < M. Then
the operator J; : LP(T') x --- x LP(I") — L9(B,) is bounded and

1Tl < Cr(w+2v) |l

where constant C; = Cy(My) > 0is independent of j. Moreover for any v € LP(T"), there exists
Cy = Co(My, p,v) such that

H‘Zw(ngL‘l(Ba) <G (:u + 21/)] ||\71¢||]Lq(30)
Proof. We find that forj > 2,

i—1
=7 ¥ ne-en|ae-eq

J
m=1 it tim=j

j—1
<X D ) )

m=1 it tin=j

Jj—1 .
m —1 j—m i
S LAY A [P T
m=1

<Nl (Z Jmn) <Z (525 ) <u+u>f""> .

m=1 m=1

7
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By using (2), we have

17 < ||J1||J<ij||>( (20~ =)

<Al (n+2v)y™ Z [MA

m=1
<N (420 1 Tll-
m=1

By noticing the recursive structure of the above inequality, we can write

1T < ¢ [+ 20) [NV 1A

where

cr=c+p+2) Al e, =1
Hence we obtain

j—1

=] (O +le+2v)|AIN"). j=3.

m=2
We note that
j—1
Ine; < In (14 [(u+20) | 71]")
m=1
i—1

< lp+2) |7 )"

mn

~

—_

1
<
1= (p+20) |7l
1
< :
1-M,

Thus ¢; (j > 2) are bounded. We put C; = exp(1/(1 —M,)).
We note that

Jj—

T8 a5,y < NT1 s, (104 20) Z FAR

and

1= (u+20)""
ZIIJmII Cil| 7l (p+2v )m~

Hence we obtain

) +2 .
[T ) o,y < Cr (- 20) |7 HMIIJWWU(B)

(n+2v)
< ﬁ(ﬂ‘i‘ZV)JHJWHJLq(B)
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The proof is complete if we set
Ci1M,

C=—""—.
Tl (p+2w)

O

Let us consider the convergence of the inverse Rytov series. If the inverse Rytov series
converges, we write

n =1,

where
o0
7=
j=1

Theorem 4.2. Assume that there exists a constant My < 1 such that (p+2v)|| 71| < M.
Suppose that || 1| 1as,) < (1 +2v)~". Let My = max(||n]|a(s,), | T1J11l| 1a(8,))- We assume
that My < (ju+2v)~L. Then for any N € N there exists constants C3 = C3(My,My, j1,v) > 0
such that

[(u+2v) HJM#IIm(m)]N+l

1= (u+20) |0 o,

N
n=Y | <allt-Tinlue, +C
j=l L4(B,)

where constant C, > 0 is given in theorem 4.1.

Proof. If we expand 1) in the inverse Rytov series by the Rytov series, we can write

=Y Jne--an,

j=1
where
T =T,
and
j—1
G=|Xd X ho-oh|+Fheehn, j>2
m=1 i+ Fin=j
We have
j—1
G=3"0n 3 B®0d (=i Ji).
m=1  iiHetin=j
Since
n—n=I-NJi)n—TNhn@n—TJin@NJin)+-,
we have

oo j—1

=y <D0 Do ITulllFll- 117

j=lm=1ij+-+in=j
x|m@--@n) = (DI @@ NI i) aay -

9
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We note the identity

(m@---@m)=(ne-mnn)
=M-—MmAM--Qm+m (M —m) @M @m—+---
FMOM @M —M) QMM +MOM - & (1 — 1n2).

Hence,
In®@---@n—N"Jhn®---Q k71‘]177H1ﬂ(B£) ng];l ln— g71J177||Lq(B(,)
We obtain
oo j—1
I =oey < DD Do ITulllTall- - 1T My 0 = il s,y
J=1m=lij++in=j
Furthermore,

||7I—m|Lq(Ba)

oo j—1

1 i—m
<ZZ ||*7m|< r]n 1 )Vm(ﬂ+V)J 17— Il as,)
o - IS |
<lln- an(B)Z]MI 1<Z||Jm|> ( _1< it >V’”(u+1/)’m>

m=1 m

=vln— $J1W‘|Lq(30)zjﬁ4é_l (Z ||Jm||> {(,u—&-2u)j71 —I/j_l]

j=I
< Ty S M (20 (zwmn)
j=l

Using C; > 0 in theorem 4.1, we obtain

1= u—|—21/j_]
0 ey < LT 0~ Tl S i (o 2yt L B2

= 1—(p+2v)
,u+2u - y!
gcl”n_jl']ln Lq —|—21/ z_: |:M2 M"_ZV :|
=C3Hn—JlJ177||Lq(3a),
where
P & [ j—1
Cy=C—L N My (it 2w }
3 11*(N+2V)JZ:;] 2 (p )
We have

oo

177l os,y < D NTW®
j=1

L9(8 CZZ (4 20) | Ty

j=l1



Inverse Problems 39 (2023) 105012 M Machida

Hence 77 converges. We note that

N o0
- g <D NI @ @l e,
j:l

g, TN

oo

<G Y (nr 2 [ 7l
Jj=Ns+1

(1 +20) | N1l o s,
1= (p+2v) |71

N+1
= C2 }

L1(B,)
The proof is complete. O

The stability of the reconstruction is studied as follows.

Theorem 4.3. Assume that there exists a constant My < 1 such that (p+2v)|| 71| < M;.
Let ny,m, denote the limits of the inverse Rytov series corresponding to some 1,1,. We
suppose that M\M3 < 1, where M3 = max(||{1||zr(ry, V2o (r)). Then there exists Cy =
Cy(My,M3,u,v) > 0 such that

Im = mlzs(s,) < Calltr — 4o
Proof. We begin with the following inequality.

Lr(T)-

[l —m2|La(a, leﬂu@ @Y1 = T @ @Yl -

j=1
‘We note that
(V1@ @Y1) = (V2@ @)
=1 =)@ @ @+ 1 @ (Y1 —12) Q2 @ -+ @ tha 4+
+Y1@RYI® (Y1 —12) @y + U1 @ -+ @Y1 ® (Y1 —2).
We obtain
1 —m2lLa(s,)

L@l (1 —¢2)|

@ [2lley - 192l Loy,

00 J
< Z IV Z l1llLery -~ ln
i=1 k=1

where |[(¥1 — 2)||r(r) is in the kth position of the product. Furthermore,

Lr(T)

I —mallzas,) < Z]H~7j||M]_;,fl||1/)1 — 1|
=1

< Cill A = ballunery S (e + 20 M5!

j=1

G - 1 t
—_— — P 2 j MI
M3H¢1 Yol Loy 15:1] p+2v)

1



Inverse Problems 39 (2023) 105012 M Machida

The proof is complete if we put

oo
C4 = Cl Z](u + 2U)1_l ]%72.
j=1

5. Two-dimensional radial problem

5.1 Setup

Let us assume the two-dimensional radial geometry, which was considered in [26]. We con-
sider diffuse optical tomography for this domain. In the polar coordinate system we have
x = (r,0), where r is the radial coordinate and 6 is the angular coordinate. Let 2 be the disk
of radius R centered at the origin. Assuming that 7 has the radial symmetry, we write

n(x)=n(r), 0<r<R.
Let us suppose that 7 is given by
Nas 0 r< Ry,
n(r) =
0, R,<r<R
Although point sources were used in [26], here we assume the following spatially oscillating
source term for diffuse optical tomography in spatial frequency domain.
o1
f(r,0) =e“’—-5(r—R), a=1,...,Ms.
r
Hereafter we write
g=kK, k>0.

We define £ = (Dy and set Dy = 1. We write Q1 = {x; |x| <R, }, % = {x; R, < |x| < R}, and
kq = ky/141,. Let ry, ry be the radial coordinates of x,y. Let 6,6, be the angular coordinates
of x,y.

5.2. Forward problem

Let us express the Green’s function G(x,y), which has the source term - 6(r, — r,)5(6, — 6),
as [19]

1 &
G(xvy)zﬂ Z eln(@,, O’V)gn(rxar,\’)v

where g,(r,r’) satisfies
P07 gn(r,r') +10,8u(r, 1) — (B +n?) gu(r,r) = —rd(r—7),
gn(R, ) +£0,8,(R,¥) = 0.
We note that the homogeneous equation for the above equation is the modified Bessel differ-

ential equation. Hence the solution is given as a superposition of I,,(kr), K, (kr). Here, I,,K,
are the modified Bessel functions of the first and second kinds, respectively. We obtain
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gn(re,ry) = K, (kmax (ry,ry)) I, (kmin(ry, ry))

K, (kR) + k(K (kR)
Tn(kR) T (k) (Kro) Tn ()
We note
1 1
L,(x¥) = 5 (i1 () + L1 () Ky(x) = =5 (Kot (0) + K (v), - x € R
Hence,
27 R
up(x) = / / G(x,y)f(ry,0y)r,dr,df, = =g, (r,R).
o Jo
We have
8a(R,R) = I, (kR)K (kR) — dol s (kR),
where
Ko (kR) + kK, (kR)
= I, (kR).
o I, (kR) + kCI., (kR) a(kR)

For the forward data, we observe u,uq at r, = R, 6, = 0. That is, the outgoing light is meas-
ured at one point on the boundary while boundary values were observed at different points on
the boundary in [26]. See appendix for the calculation of u. Letus set Mp = 1 (i.e. Msp = My).
For the vector ¢ € RMsp we have

(Koz (kR) - da) Ia (kR)

Vo = I RV K (kR) + baKe (kR) + calo (kR)

3

fora=1,...,Msp. We note that b, c,, which are given in appendix, depend on 7,, R, k, R, £.
Let us introduce

G(”)(rx,ry) = gu(Fe, 1y 1y
We obtain
(Km™) (x)
” R R
:( 1)j+1g o /0/) G(a)(R’r,Vl)G(a)(rynr)’Z)"'G(a)(ryjfl7ry/')G(a)(ryj7R)
xn((vl)---n(ry/.)dryl--~dryj, xel,

and
(k) ) = (k™) 0

1)J+1g1 (a) 5@ - -
G(a RR/ /G Rr‘l (ry"ryZ)'.'G (ry/'—lvryf)G (ry,-,R)

xn(ry,)---n(ry,)dry, ---dr,, xel.
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5.3. Implementation of the inverse Rytov series

Let us begin by writing

Yo = i (J}“)n@) (R), a=1,...,Msp.

j=1

We consider how the jth-order operator J; in the inverse Rytov series can be numerically
constructed. Here we assume that r € (0, R) is discretized into N, points r; (i = 1,...,N,) with
small interval Ar. Thus, i can be expressed by a vector n € R

5.3.1. Forward vectors. We set

R
= 1IA i =1,...,N,), Ar=—.
ri =iAr (i ) r N,

Let b € RV be a vector. We define K, € R¥s>, K; € RMspNr o

{Kola = -G (R,R),
N,

{Ki(b)}is (o, = 8Ar Y G (11, n) G\ (1, R) {b},

n=1

for 1 < a < Msp, 1 <i<N,. Moreover,

{Kj(bl P abj)}i«#(afl)N,

N,
= _gArZ G(a) (ri»rn>{bj}n{Kjfl(b17 ce 7bj71)}n+(a71)N,-

Using there K; € RMs0"r | we introduce

J
( m
Jj(by,....b
X {Kil(bl""7bil)} {K (J imt1y. 7bj)}a1v,.
i+ im=j

fora = 1,...,MSD.

5.3.2. Linearized problem. In particular, we have

1
b)}, = ——— {Ki(b

{Jl( )}a {KO}a{ 1( )}aN,
fora=1,...,Msp, i =1,...,N,. From this, we can define a matrix J, € RMs>*N: guch that
Ji(b)=J,bas

gAr |: (a) :|2
J :7 G R i .
{ }al O‘)(R R) ( 77')

Using J;, we compute J . Here, J | is the Moore—Penrose pseudoinverse with a regularizer
such as the truncated singular value decomposition:

_ gt N, XMsp
Ji=J e €R .



Inverse Problems 39 (2023) 105012

M Machida

The first term of the inverse Rytov series can be calculated as
m= llw,

where
{m}ti=m(@r), i=1,....N.

We solve 1 = J 77, as follows.

5.3.2.1. Underdetermined.  Suppose we have
MSD <N,

That is, the inverse problem is underdetermined.
In this case, we obtain

_ g+
771 - ll 71-(3g1/"7
where

I g = SiMreg, M=J,J}.

=1,reg —reg?

Here, * denotes the Hermitian conjugate and reg means that the pesudoinverse is regularized
by discarding singular values that are smaller than 0. Let sz and v; be the eigenvalues and

eigenvectors of the matrix M:

_ 2
MZJ' = O'j z.
We obtain
1
m= Z 3 (z/ ) Sz
j J
oo

5.3.2.2. Overdetermined. Suppose we have
MSD P Nr-

That is, the inverse problem is overdetermined.
In this case, we obtain

_ 7+
771 - ll 71-eg,¢"7
where

I e = Mgy, M=J7J,.

=l,reg = —reg

After solving the eigenproblem Mz; = orjzzj, we obtain

1 * pk
™= Z g(zjfﬂb)zj-

j J
>0

5.3.3. Inversion.  Let ay,...,a; be real vectors of dimension Msp. To compute the jth-order

term 7);, let us first introduce

nlgl):ilai (lzl,,])
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We introduce vector J(ay, ...,a;) € RV which has a recursive structure: forj=1,
1
Ti(a) =ni",
and forj > 2
jj(ala aaj)

:_Z Z jm(-]z](ma 7,’7“))7"”J[m(nj(l)im+l’ 7771()))

m=1ij+-+iy=j

More specifically, J;(ai,...,a;) can be computed as follows. If j =1, then fr]( ) is returned.
For j > 2, we let m move from 1 to j— 1. We form the compositions [iy,...,,] such that
iy+-+++i,=j. Foreach m (1 <m <j— 1) and each composition (i1,...,i,), we compute

1 1 1
Mg = =T (o) ), omf))

Let X(m) denote the sum of 7, for all ( ;1 __11 ) compositions. The above step is repeated

forall m (1 < m <j— 1). We obtain

Jia,...,a ZE

m=1

The jth term is calculated as

T’J :J](¢7a¢)
In this way, we obtain n; (j = 1,...,N). The Nth-order approximation is given by

T’(N):nl++nN

Finally, the reconstruction can be done as follows. We have p,(r) = g(1 + 7n(r)). The recon-
structed p,(r) is obtained as

Mu(ri) ~~ ,u((lN)(ri) =g (1 + {H(N)}l) :

5.4. Numerical results

Wesetk=1,R=3,R, = 1.5, ¢ =0.3. Moreover, N, = Msp = 90. We chose o such that the
largest 23 singular values were taken. Since only 23 singular values are taken, 1 is not fully
reconstructed. When reconstructing 7, we obtain at most 7,,.,; € RN, which is given by

nproj = lllln

In figures 1 through 3, 17,nproj,n(l),n(z),n(3),n(4),n(5) are shown.

In figure 1, 1, = 0.2 (Left) and 1.0 (Right), and in figure 2, n, = 2.0 (Left) and 5.0 (Right).
In the case of 77, = 0.2, the first Rytov approximation n(!) is different from Tproj DUt the third
Rytov approximation ) already gives a good reconstruction. For 7, = 1.0, the reconstruc-
tion approaches 7, after the fifth term 75 is added. When 7, = 2.0, the reconstruction is
reasonable after 75 is added but still different from 7,,,;. When 7, is large and 7, = 5.0, all
reconstructions differ from 7.

Noise was added for figure 3. For both ug,u, Gaussian noise with mean zero was added.
The standard deviation of the noise was the standard deviation of u#y multiplied by a constant ~y.
For ug,u, no noise was added when the resulting value became negative. Figure 3 shows the

16
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0.3 T 1.5 T
projection projection
st —— st ——
0.2 A O 2nd i 1 A 2nd —— |
: A\ 3rd X7/ 3rd
4th 4th
5th —— 5th ——
= 01} 1 = 05 B
0 A_AAAM o £ A_A AAML
\VAAAAAAL \WAR A AAL|
-0.1 L L -0.5 - .
0 1 2 3 0 1 2 3
r r

Figure 1. Reconstruction of 7. The forward data is given in (3). We set (Left) n, = 0.2
and (Right) n, = 1.

3 T 7 T
projection —— 6 projection —— |
st —— st ——
2nd — | 5 2nd ——
3rd
4th i 4
5th —— 3
= R =
2
\ ] 1
A A AAL
v VvV V VY| 0
B -1
- -2
2 3 0 1 2 3
r r

Figure 2. Reconstruction of 1. The forward data is given in (3). We set (Left) n, = 2,
and (Right) n, = 5.

15 T 1.5 T
projection projection ——
1st —— 1st ——
1 2nd —— | 1 2nd ——
3rd 3rd

4th 4th
5th —— 5th
= 05 h’ = 05} /x
: /\/AU : A
L _0.5 Il L
2 3 0 1 2 3

r r

Figure 3. Reconstruction of 7 when 7, = 1.0. Gaussian noise with (Left) v = 10~ and
(Right) v = 107> was added. The largest 9 and 7 singular values were used for the
weaker and stronger noise levels, respectively.

reconstruction of 7 for 1, = 1.0. Due to noise, fewer numbers of singular values had to be
used. The largest nine singular values were used for vy = 10~* and the largest seven singular
values were used when v = 1075,

6. Concluding remarks

In this paper, multilinear forward operators J; : L7(B,) x --- x L(B,) — L?(I") and inverse
operators J; : LP(I") x --- x LP(I") — L9(B,) were considered. As was done for the inverse

17
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Born series [4, 11, 16, 27], it is possible to consider the inverse Rytov series for nonlinear
inverse problems in Banach spaces X, Y, for which the forward problem is from X to Y instead
of from L1(B,) to L (T").

Although the expression of ¢); in the Rytov series is more complicated than that of u; in the
Born series, the inverse Rytov series can also be computed in a recursive manner.

In this paper, the diffusion coefficient Dy was assumed to be a known constant. Markel and
Schotland has discussed the simultaneous reconstruction of the two functions with the (first)
Rytov approximation [20]. It is an interesting future issue to extend the inverse Rytov series
to the case of simultaneous reconstruction.

Data availability statement

The numerical values for the figures will not be on a website but can be available upon
request. The data that support the findings of this study are available upon reasonable
request from the authors. https://dataverse.harvard.edu/dataset.xhtml?persistentld=doi: 10.
7910/DVN/0X4QFP.
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Appendix. Forward data

Let G, be the Green’s function of the two-dimensional radial problem for the equation in which
n =1, in r € [0,R,] and n=0 otherwise. In the case of the delta-function source §(x — x;),
x; € 012, we have [26]

1 & ,
Ga(x,xs)zﬁ Z ane’"(e_e*)l,,(kar), re )y,

n=—0oo

and

Galt,xs) = > O (kr) Ky (kR)

1 .
— in(0=95) (p, K, (k L, (k 0.
oo D e (buKoy(kr) + caln(kr)), 1€ D

n—=—0oo

Here, coefficients a,,b,,c, can be computed as the solution to the following system of linear
equations, which is derived from the interface and boundary conditions.

I(kaRa) K, (kR,) 1o (kR,) a
k., (k.Ry) —kK (kR,) —kI!,(kR,) b,
0 Ku(kR)+ k(K (kR) I,(kR)+ kel (kR) | \

1, (KR, K, (kR)

= kI; (kRa>Kn (kR)

keI, (KR)K?, (kR) + I,,(kR)K,, (kR)

18
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Therefore we obtain for x € 012,

2w
/ / o (x, 0)f(ry, 0y)rydryd,

= Re' % [I,,(kR)K o, (kR) + bo Ko (kR) + ol o (kR)] .
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