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LIPSCHITZ STABILITY IN INVERSE SOURCE AND INVERSE
COEFFICIENT PROBLEMS FOR A FIRST- AND HALF-ORDER
TIME-FRACTIONAL DIFFUSION EQUATION*
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Abstract. We consider inverse problems for the first- and half-order time-fractional equation.
We establish the stability estimates of Lipschitz type in inverse source and inverse coefficient problems
by means of the Carleman estimates.
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1. Introduction. Let 2 C R™ be a bounded domain with the boundary 09 of
C? class. We set Q = Q x (0,T), where T' > 0. We use notation §; = Bt’ 0; = %
(t=1,2,...,n). We also use the multi-index a = (a1, aa, ..., a,) with o; € NU {o}
(j=1,2,...,n), 0% =07 05%--- 0%, |a| = +ag+---+o¢n. Let v = v(x) be the
outward unit normal vector to 92 at x and let 9, = v - V. In general, the Sth-order
Caputo-type fractional derivative is defined by

3 . 1 t 1 O"u(z, T)
Oy u(z,t) = =5 /0 G— i am dr, (z,t) € Q,

forn—1< 8 <n,n €N (see, eg., [8 31]). Here, I' is the gamma function. We
consider the following first- and half-order time-fractional diffusion equation:

(1.1) (plat + ,02(9,5% — A) u(z, t) = g(x,t), (z,t) € Q,
(1.2) u(z,t) = hy(z,t), (x,t) € 9Q x (0,T),
(1.3) u(z,0) = ho(x), x €Q,

where p; > 0, p2 # 0 are constants, and A is a symmetric uniformly elliptic operator
given by

Au(z,t) = Z 5 (aij (2);u(z, t)) ij 2)0ju(x, t) — c(z)u(z, t), (z,t) € Q.

We assume that a;; € C3(Q), ai;j = aj; (i,j = 1,2,...,n), bj € C*(Q) (j =
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1,2,...,n), c € C%*(Q), and moreover there exists a constant x4 > 0 such that

n

%|§|2 <Y ag(@)&g < plélP E=(4,...,&) R, zeq.

i,7=1

In fluid dynamics, (1.1) appears in the Basset problem [4] when the motion of a
particle in a nonuniform flow is considered [6, 21, 30]. The first- and half-order time-
fractional equation (1.1) also appears in porous media. Starting with the microscopic
diffusion in a heterogeneous medium which has two length scales, the microscopic
length scale of a typical porous block and the relative fracture width, a diffusion
equation with the first- and half-order time derivatives is obtained at the large scale
limit by the homogenization process [1, 2].

The first- and half-order equation (1.1) is one of parabolic equations with mul-
tiple time-fractional terms, i.e., the time-derivative part in the equation is given by
Zﬁzopﬁf‘j, where 0 < ap < -+ < aq < ap < 1 and coefficients p; generally de-
pend on z. Initial-boundary-value problems for multiterm time-fractional diffusion
equations were considered in [29]. In the case that all time derivatives are noninteger
order and the time-derivative part is given by Zﬁ:l pjaf 7, the well-posedness was in-
vestigated [23] and moreover the uniqueness in inverse boundary-value problems was
proven [24]. An exact solution was obtained in the special case of a two-term time-
fractional diffusion equation [5]. The uniqueness for two kinds of inverse problems of
identifying fractional orders in diffusion equations with multiple time-fractional deriv-
atives was proved [25]. The uniqueness in determining the spatial component of the
source term from interior observation was established [14]. The maximum principle
and uniqueness was considered in [27] for the determination of the temporal compo-
nent of the source term from a single point observation. Also the unique continuation
was considered for multiterm time-fractional diffusion equations [26].

In [16], the Holder stability is proven for the inverse source problem of (1.1) (see
also [22]). In this paper, we further prove the Lipshitz stability not only for the inverse
source problem but also for the inverse coefficient problem for (1.1).

The methodology of our stability analysis is based on the technique of the Car-
leman estimate [9], which was pioneered by Bukhgeim and Klibanov [7] when they
proved the global uniqueness in inverse problems. See also [17, 18], recent reviews
[19, 35], and textbooks [13, 20]. The Carleman estimate is a weighted L? inequality
for a solution of a partial differential equation. In the case of parabolic equations with
one first-order time derivative, the global Lipschitz stability was proven by using this
method of Carleman estimates [12]. In this paper we make use of the Carleman esti-
mate for parabolic equations. The Carleman estimates have been used for differential
equations with a single term time-fractional derivative [15, 34, 36].

This paper is organized as follows. In section 2, inverse source problems are
considered. In section 3, inverse coefficient problems are considered. In section 4, the
Carleman estimate necessary for our paper is established. Finally, proofs of the main
theorems are given in section 5.

2. Inverse source problems. We consider the inverse problems of determining
the time-independent source factor of (1.1) from spatial data and two types of obser-
vations. One is the boundary observation and the other is the interior observation.

Let to € (0,7) be an arbitrarily fixed time. Let v be an arbitrarily fixed open
connected subboundary of 92 and let w be an arbitrary fixed subdomain of © such
that w € Q. We set ¥ =~ x (0,T) and Q,, = w x (0,7).
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Moreover we choose § > 0 such that
O<tg—0<tyg<to+d<T,

and we set Q5 = Q X (t()—(s,to—F(S), Ys =X (t()—(s,to—F(S), Qw,g =wX (t()—(s,to—I—(S).
We assume that
1) R e C([0,7);C(2)) N C*((0,T); C*(9)) N C*((0,T); C(2)),
2.1 i . .
OZR € C*((0,7);C(Q)) and |R(z,t0)| > 0, z € Q.

Furthermore we define

U=L*0,T; H{(Q)) N H*(0,T; H*(Q)) N H*(0,T; L*(Q)).
Let us assume that g(z,t) in (1.1) has the form
(2.2) g(x,t) = f(z)R(x, 1)

and set hy =01in @, ho =0 in Q.
We consider

(23) (00 + 0] — A)ulw, 1) = f(@)R(z,1), (2,1) € Q,
(24)  u(a,0) =0, (2,1) € 9 x (0,T),
(2.5) u(z,0) =0, x €,

and investigate two kinds of inverse problems depending on the type of observation.

In the inverse source problem via boundary observation, we determine f(z), x €
Q, by spatial data u(z,tp), z € Q, and boundary data on ¥. In the inverse source
problem via interior observation, we determine f(x), x € Q, by spatial data u(z,tp),
x € 2, and interior data in Q. The main theorems, Theorems 2.1 and 2.2 are stated
as follows.

THEOREM 2.1. Let us assume that u,0yu,0?u € U and u satisfies (2.3)—(2.5).
We suppose that f € H?(Q2) with f =0 on 9Q and Vf = 0 on ~y and R satisfies (2.1).
Then there exist constants C > 0 such that

(2.6) [ £l 2y < Cllul:sto)ll 2y + CB,
where
B = ||V3§U||L2(25) =+ ||V8152u||L2(25) + VOl 12(s5)-
THEOREM 2.2. Let us assume that u,0yu,0?u € U and u satisfies (2.3)—(2.5).

We suppose that f € H?(Q2) with f =0 on 9Q and f =0 in w and R satisfies (2.1).
Then there exist constants C' > 0 such that

(2.7) £l 720 < Cllul-to)ll i) + C1,

where

I =10}l z2qu.s) + 107 ull 12(Qu 5) + 100l L2 ) -
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Remark 2.3. There is another approach to obtain the Lipschitz stability in in-
verse source problems by final observation data. In [33], Sakamoto and Yamamoto
considered the perturbation of the single term time-fractional diffusion equations with
a parameter as the diffusion coefficient and they obtained the stability estimate by
means of the analytic perturbation theory under the appropriate assumptions on the
parameter. In our case, however, we may not adopt their methodology directly since
we consider the diffusion coefficient without the perturbation.

3. Inverse coefficient problems.

3.1. Determination of the zeroth-order coefficient. Let us consider the
inverse problem of determining the zeroth-order coefficient. In (1.1), we consider
two coefficients ¢® (), z € Q (k = 1,2), where ¢®) € C*(Q), ¢F(z) >0, z € Q
(k =1,2). We assume that there exists a constant M; > 0 such that

(3.1) 16| o) < M
for k = 1,2. Let u'® (x,t) be the corresponding solutions. We write A as
(3.2) Au® (2,1) = Aék)u(k)(x,t),

where A((Jk) is defined as

n

AP u(@,t) = 3 Oi(ai(@)0;u® (x,1)

i,j=1
=Y " bi(@)0u® (2, t) — P (@)u® (2,1), (2,t) € Q,

j=1

for k =1,2.
By subtraction we obtain

(010 + p207t — AL ) (e, t) = f(2)R(a,1), (z,1) € Q,
u(z,t) =0, (x,t) € 0 x (0,T),
u(z,0) =0, T €,

where
flx) = c(l)(a:) — 6(2)($), u(z,t) = u(l)(x,t) —u® (x,t), R(z,t)= —u(2)(x,t)

for (z,t) € Q. Thus we arrive at the following two theorems as a direct consequence
of the inverse source problems. In both cases the Lipschitz stability is obtained.
Theorem 3.1 is proved using the inverse source problem via boundary observation
stated in Theorem 2.1. Theorem 3.2 is proved using the inverse source problem via
interior observation stated in Theorem 2.2.

THEOREM 3.1 (boundary observation). Let u®, 9,u® 62u® c U (k = 1,2),
and uM,u® satisfy (1.1)~(1.3) with (3.2). We suppose that ¢V (2 € C*(Q) satisfy
(3.1) with ¢V = @ on 9Q and VeV = Ve® on v, and R = —u® satisfies (2.1).
Then there exist constants C' > 0 such that

(3.3) [e® — P 20y < ClulM (-, t0) — u® (-, t0) | 74 () + CB,
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where
B =V} —u®)||2ig,) + 1VOF (M — u®)| L2sy) + VO™ — u®)||L2s,).

THEOREM 3.2 (interior observation). Let u®) 9™ 02u®) c U (k =1,2), and
uM u® satisfy (1.1)-(1.3) with (3.2). We suppose that ¢V, c?) € C2(Q) satisfy
(3.1) with ¢V = ¢ in 00 Uw and R = —u® satisfies (2.1). Then there exist
constants C' > 0 such that

(34) e = P20y < CllulV (- t0) = uP (-, t0) | a0y + C1,

where
I =03 —u®)| L2 (g, + 107 (@ = u®)|| 12, ) + 100 — )| L2(q, )

Remark 3.3. In the case of diffusion in porous media, the condition |u® (x,t9)| =
|R(z,t0)| > 0 for x € Q means that the concentration of tracer particles is nonzero.

Remark 3.4. We may determine the first-order coefficients b; (j =1,...,n) by n
observations via the similar argument used in the proofs of Theorems 2.1 and 2.2.

3.2. Determination of the diffusion coefficient. We consider diffusion co-
efficients a(*) (k = 1,2) and corresponding solutions u(¥). Let us express A as

(3.5) Au®) (z,1) = AP P (2, 1),
where Agk) is defined as
AP (@, 4) = div(a® (2)Vu® (2, 1)~ b(x) Vu® (z,t) —c(@)u® (,1), (2.t) € Q.

for k = 1,2. We suppose that a® € CcY@Q) (k = 1,2), b = (by,ba,...,b,) €
{C3(@)}", and ¢ € C*(Q). Moreover we assume that there exist constants m > 0
and Ms > 0 such that

(3.6) a®(z) >m, z€Q, and ||a(k)||cg(§) < My

for k = 1,2. We investigate the inverse problems of determining the diffusion coeffi-
cients a®® (k = 1,2) by boundary observations and interior observations.
Set

a(z) = a(l)(x) —a® (), u(z,t)= u(l)(x,t) — u(Q)(x,t), r(z,t) = u® (z,t)

for (z,t) € Q. Then by subtracting the equations for k¥ = 2 from ones for k = 1, we
obtain

(plat ¥ 0207 — Ag”) u(z, t) = div(a(z)Vr(z, 1)), (z,) € Q,
(3.7) u(z,t) =0, (z,t) € 9Q x (0,7T),
u(z,0) =0, x € Q.

We assume that
re C([0,T);C*(92)) N C((0,T); C*())

(3.8) N C*((0,T); C*(Q)) N C*((0,T); C*()),
0% r € C((0,T); C3()) N C2((0,T); C2(X0)).



972 ATSUSHI KAWAMOTO AND MANABU MACHIDA

Let us introduce weight functions for the Carleman estimates introduced in sec-
tion 4. Since we consider two types of observation, we prepare two kinds of distance
functions d; and dy. For the symmetric uniformly elliptic operator A, we choose
di € C%(Q) such that

di(z) >0, x€Q, |Vdi(z)| >0, z€Q,

Z aij(a:)&-dluj <0, z e oN \ Y,

where 01 > 0 is a constant. Let wg be an arbitrarily fixed subdomain of §2 such that
wp € w. We take dy € C?(Q) such that

da(z) >0, x € Q, |Vda(x)| > 02, v € Q\wy, da(z)=0, x€ 0N,

where o9 > 0 is a constant. The existence of the distance functions d; and ds is
proved in [10, 11, 12]. Then we introduce weight functions ¢, (k = 1,2) as

e>\dk (1) e)\dk(w) _ ezAHdk”c(ﬁ)
- t) = t .
t(T — t)v 1/%(% ) t(T — t) ) (ZIJ, ) € Q

or(z,t) =
For the distance functions d; and ds, we assume that there exists a constant
mq > 0 such that
(3.9) |Vr(z,to) - Vdi(z)| >my, z€Q,
or that there exists a constant mo > 0 such that
(3.10) |Vr(x,to) - Vdao(x)| > ma, =€ Q\w.

Let D’ be an arbitrary subdomain such that w € D’ € Q. Set D = Q\ D’.
Henceforth we suppose that ¢ =0 in D.
Now we are ready to state our main results.

THEOREM 3.5 (boundary observation). Let u®) 9,u® 02u® ¢ U, vu® ey
(k =1,2), and vV, u? satisfy (1.1)~(1.3) with (3.5). We suppose that o), a® €
C*(Q) satisfy (3.6) with o) = a® in D and r = u® satisfies (3.8) and (3.9). Then
there exist constants C > 0 such that

(3.11) [a® = a®| gaq) < ClutM (-, to) — u® (-, t0) | a3 (o) + CB,
where
B =V —u®)||p2ig,) + IVOF (M — u®)| 2sy) + VO™ = u®)||L2s,).

THEOREM 3.6 (interior observation). Let u®®, 9,u® 02u® e U, Vu® e y»
(k =1,2), and vV, u? satisfy (1.1)~(1.3) with (3.5). We suppose that a™V) a® €
C*(Q) satisfy (3.6) with aV) = a® in DUw and r = u? satisfies (3.8) and (3.10).
Then there exist constants C' > 0 such that

(3.12) e — a® || gaq) < Cllu™M (- t0) — u® (-, t0) || s 0y + C1,

where

I =103 —u®)12qu 5 + 107 (@ =)l L2 5) + 10 (™ —u?)l| 120, ).
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Remark 3.7. In the case of one spatial dimension, we may relax some assumptions
on u®) (k =1,2). Tt depends on the assumptions of the Carleman estimate for the
third-order partial differential equations (Lemmas 4.8 and 4.9). See also [32].

3.3. Simultaneous determination of the diffusion coefficient and zeroth-

order coefficient. Let us consider diffusion coefficients a(*) (k = 1,2), zeroth-order

coefficient ¢(®), and corresponding solutions ul(zk) (¢ =1,2). We express A¥) as

(3.13) AulP (2, 1) = ADWP (2 1),
where A®) is defined as
APuP (@ 1) = div(a® (@) Vuf® (2,1)) — B (@)uf? (2,1),  (2.t) € Q,
for k = 1,2. We suppose that a*) € C*(Q) and ¢<*® € C3(Q) (k = 1,2). We
investigate the inverse problems of determining a(*) and ¢*) (k =1,2) by boundary

and interior observations for two inputs, ¢ = 1,2.
We consider

(314)  (moi+ 28} — AR 2, ) = gu(a ), (2,1) € Q,
(3.15)  ul (2, t) = hyg(a,t), (z,t) € 09 x (0,T),
(3.16) uyc) (x,0) = ha (), x €,

fork=1,2,¢0=1,2.
Set

a(@) = aV(x) =P (2), cx) =cV(2) - (@),
ue(z,t) = ugl)(x,t) - uf)(x,t), re(z,t) = qu) (z,t)

for (z,t) € @, £ = 1,2. Then by subtracting the equations for ¥ = 2 from ones for
k =1, we obtain

(p101+ p20; — AD) gz, )

(3.17) = div(a(z)Vre(z,t)) — c(z)re(x, t), (z,t) € Q,
we(z,t) = 0, (z,t) € 00 x (0,T),
ug(x,0) =0, z € Q,
for ¢ =1,2.

We assume that there exists a constant mgs > 0 such that

(3.18) ‘(rg(x,to)Vrl(x,to) — i, to)Vira(z, to)) : le(x)’ >ms, z€Q,

or that there exists a constant m4 > 0 such that

(3.19) (rz(x,to)Vrl(x,tg) - rl(x,to)Vrz(x,tg)) : de(x)’ >my, z€Q\w.

Let D’ be an arbitrary subdomain such that w € D’ € Q. Set D =Q\ D'.
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THEOREM 3.8 (boundary observation). Let u(®) 9,u® 02u® c U, vu® e un
(k=1,2), and u™,u® satisfy (3.14)~(3.16) with (3.13). We suppose that aV), a? €
C*(Q) satisfy (3.6) with aV) = a® in D, M 2 € C2(Q) satisfy (3.1) with ¢V =
c? on 99 and V) = Ve ony, and r = u® satisfies (3.8), (3.18) and |r1(z, to)| >
0, x € Q. Then there exist constants C > 0 such that
(3.20)

2
la™ — a®[ g2y + 1) — Pl g2y < O3 ufV (- t0) — uf? (-, to) | sy + CB,
=1

where

2
B = z:<||vag —W )||L2(25)

/=1
1 2 1
IV Wl — )| L2sy) + VO () — uf?) 12 25)>

THEOREM 3.9 (interior observation). Let u®, 9,u® 02u® e U, vu® e y»
(k=1,2), and u™ u? satisfy (3.14)~(3.16) with (3.13). We suppose that a*),a® €
C*(Q) satisfy (3.6) with aV) = a® in DUw, M, 2 € C?(Q) satisfy (3.1) with
D =@ in 0QUw, and r = u? satisfies (3.8), (3.19) and |ri(x,ty)| > 0, z € Q.
Then there exist constants C' > 0 such that

2
(3.21) la®—a® | gaqyHIcW =@ | g2y < 3 Cllul” (- to)—uf? (-, to) | s ) +C1,
/=1

where

2
I = Z<||53 _Ue )||L2(QM)

{=1
+ 1107 () = w12 ) + 1195 (uf” — g )HL?(Qwa))

4. Carleman estimate. In this section, we establish the Carleman estimates
for (1.1). We transform (1.1) into an integer-order partial differential equation. The
calculation is similar to [34]. Let us begin with the following lemma.

LEMMA 4.1 (Lemma 3.1 in [16]). If u € C([0,T]; H4(Q)) N C((0,T); H%(2)) N
C?((0,T); L*(Q)) satisfies (1.1) through (1.3), then u satisfies

(41) pgatu(xat) - (plat - A)zu(ﬁvt) = G(ﬁ,t), ({E,t) € Q7
where
42 GGt = [p0f — (0 A ge0+ ZLED iy e

1
Although 8 82 # O in general, we may obtain the above lemma by applying p202 —
(p10; — A) to both sides of (1.1) and using u(x,0) =0, x € Q.

Now we are ready to state our Carleman estimates.

THEOREM 4.2 (Carleman estimate for (1.1) with boundary data). Let p > 0.
Suppose that g(xz,t) = 0, (x,t) € 90 x (0,T), and Vg(x,t) = 0, (z,t) € X. Then
there exists A\g > 0 such that for any A > Ao, we can choose so(X) > 0 for which there
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exists C = C(sg, ) > 0 such that

ws [ [wl)p—l B2l + 3 10drDul | + (500 VOl
Q

ij=1

+ (s01)" 2|V (010, — Ayul® + (s0)P*? | 0ul? + Y 8:0;u)?

1,j=1

+ (Swl)p+5|Vu|2 + (84,01)p+7|u|2 6251/11 drdt
< C/ (1) |[p§3t — (P10 — A)2] u}z 25 dxdt
Q

+ C’/ {(swl)p+l|vatu|2 + (s<p1)p+2|V8t%u|2 + (8<p1)p+5|Vu|2} eV dSdt
b
for all s > so and all w € U satisfying (1.1) with u(z,t) =0, (z,t) € 9002 x (0,T), and
u(z,0) =0, z € Q.

THEOREM 4.3 (Carleman estimate for (1.1) with interior data). Let p > 0.
Suppose that g(x,t)= 0, (z,t) € 02 x (0,T), and g(x,t) =0, (x,t) € Q.. Then there
exists Ao > 0 such that for any A > Ao, we can choose so(A) > 0 for which there exists
C = C(s0,A) > 0 such that

(4.4) / [wg)“ 02 + 3" 19100l | + (s02)P VoLl
Q

i,j=1

+ (502)" 2V (010 — Ayul® + (s02) " | |Opul* + Y 10:0uf?

i,7=1

+ (8¢2)P+5|VU|2 + (S(,Oz)p+7|U|2 625w2 drdt
< C/ (s02)"! |[p§3t — (P10 — A)Q} u‘z €252 dudt
Q

+ C’/ [(stpg)p+3|8tu|2 + (8@2)p+4|8§u|2 + (stpg)p+7|u|2} e?v2 dydt
Qu
for all s > so and all uw € U satisfying (1.1) with u(x,t) =0, (x,t) € 90N x (0,T), and
u(z,0) =0, z € Q.

To prove Theorems 4.2 and 4.3, we start with the global Carleman estimates for
parabolic equations (see, e.g., [11, 35]) stated in Lemmas 4.4 and 4.5 below.

LEMMA 4.4. Let p > 0. There exists Ag > 0 such that for any A > Ao, we can
choose so(X) > 0 for which there exists C = C(so, A) > 0 such that

/ (sp1)P~ | |0p0]® + Z 10;0;0% | + (sp1)PTH V2 4 (s91)P T3 |v)? | 2% dadt
Q@ ij=1

< C’/ (5901)P|(p10; — A)v|*e®*% dadt + C’/ (51)PT 1 Vu|?e25¥r dSdt
Q by
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for all s > sg and all v € L*(0,T; H*(Q)) N H'(0,T; L?()) satisfying v(z,t) = 0,
(2,1) € 99 x (0, T).

LEMMA 4.5. Let p > 0. There exists Ao > 0 such that for any A > o, we can
choose so(X) > 0 for which there exists C = C(so, A) > 0 such that

/ (s2)P~ 1 [ |0s0]? + Z 10;002 | + (s02)PTHV0|* + (502)PT3|0]? | €2%2 dvdt
Q

ij=1

< C/ (5@2)p|(l)13t —A)U|2€2Sw2 dxdt—l—C/ (8@2)p+3|v|2e2sw2 dxdt
Q Qu

for all s > sg and all v € L*(0,T; H*(Q)) N HY(0,T; L*(Y)) satisfying v(z,t) = 0,
(z,t) € 9 x (0,T).
Proof of Theorem 4.2. Throughout the proof, we assume that s > 1 is large

enough to satisfy s > 1 in Q.
Equation (4.1) yields

(4.5) 10w (x,t) — Aw(z,t) = p2dwu(x,t) — G(x,t), (x,t) € Q,
where
(4.6) w(z,t) = p1owu(z,t) — Au(x,t), (z,t) € Q.

Since u(z,t) = 0, (x,t) € 9N x (0,T), and g(z,t) = 0, (z,t) € IQ x (0,T), we have
by (1.1),

w(z,t) = p1owu(z,t) — Au(x, t) = g(x,t) — pgat%u(x,t) =0, (z,t)€0Qx(0,T).

Applying Lemma 4.4 to (4.5), we obtain
(4.7) / [(sp1)Pr " Hopw]? + (sp1)P HHVw|® + (s1)P T2 |w]?] €259 dadt
Q
< C/ (ssol)pllatuﬁe%% dxdt + C/ (5@1)p1|G|2625¢1 dxdt
Q Q
+ C’/ (s1)Pr T Vw|?e?¥r dSdt
b

for p1 > 0. Next by applying Lemma 4.4 to (4.6), we obtain

(4.8) / [(8@1)”2_1 Oeul® + ) [0:0;ul>
Q

ij=1

+ (sp1)P2 [ Vul® + (5@1)p2+3|u|21€28w1 dadt
< [ (s fufe dudt + C [ (s e dsi
Q D)

for ps > 0.
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Putting po = p; + 1 and substituting the estimate of |d;u|? in (4.8) into the
right-hand side of (4.7), we obtain

[ om0 + (sp) 19wl + (s fuf?] 0 duds

Q

SC/(Sspl)P1+l|w|2e2sga1 dxdt+C/(S(p1)p1|G|2e2sw1 de‘dt—l—CBlym,
Q Q

where

Bl7p1 = /Z [(5@1)p1+1|vw|2 + (Sng)p1+2|Vu|2] 6251/11 dSdt.

Taking sufficiently large s > 0, we can absorb the first term on the right-hand side of
the above inequality into the left-hand side and we have

(4.9) / [(s01)P 1 Ow|? + (sp1)P THVw[® + (s1)P P2 w|?] €01 dadt
Q

< C/ (501)P1|G2e**¥1 dadt + C By o, -
Q

By (4.8) with p2 = p1 + 3 and (4.9), we obitain

(4.10) / [(S‘F’l)m“lv(pﬁt = A)ul? + (s 2 | [eul® + D 10,05u)
Q

ij=1

+ (5@1)P1+4|vu|2 + (3<P1)p1+6|u|2 6251/;1 dzdt

<C / (s¢1)P*|G|?e**¥* dxdt + CBap,
Q

where

Bap, = /z [(3@1)p1+1|Vw|2 + (stpl)p1+4|Vu|2] €251 4Sdt.

Let us choose p1 =p+ 1 in (4.9). Then from (4.6) and (4.9), we have

/ (s01)P|0¢(p10su — Au)|2e28w1 dxdt < C/ (scpl)p+1|G|2e2Sw1 dxdt + CBy py1.
Q Q
Setting ug = dyu, we obtain

(4.11) /(stpl)p|p13tu0—Au0|2ezsw1 dzdt < C’/ (s01)P T G2V dadt+CBy pys.
Q Q
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If we use Lemma 4.4 with v = ug and applying (4.11), we obtain

/ [(8@1)”_1 Dol + Y |0,05u0/?
Q

ij=1
+ (s91)P T Vuo|* + (s@1)p+3|u0|21 e25 dxdt

<C / (s1)PH|G 225 dadt 4+ C / (591)P T | Vug|2e?*%1 dSdt + CBy 11
Q b))

Recalling ug = 0yu, we have

/ l(s@l)pl |6t2u|2—|— Z |8t8i8ju|2
Q

i,7=1

+ (s01)PT Vo) + (s@1)p+3|8tu|2] 251 dydt

<C / (s1)PTHG|?e?5% dadt + CBs,,
Q

B37p = / [(S(pl)erllvatUF + (scpl)p+2|Vw|2 + (sgol)p+3|Vu|2] 62Sw1 dSdt.
P

Hence using (4.10), we obtain

/l(swl)pl 0Ful> + D 10:0:05ul | + (s01)" VOl
Q

i,5=1

+ (s01)P 2V (010 — Ayul + (s1)"** | [Opul* + Y 10:0uf?

i,j=1

+ (3<P1)p+5|vu|2 + (5@1)p+7|u|2 62511;1 dzdt

<C / (sp1)PT |G €2t dadt + CBy,y,
Q

where

B47p = / [(S(pl)erllvatUF + (scpl)p+2|Vw|2 + (sgol)p+5|Vu|2] 62Sw1 det
P

Finally, we consider the boundary term By ,. Since Vg = 0 on ¥ is assumed, Vw =
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1 1
Vg —paVOZu= —paVOZu on ¥. Hence we have

/;

(sp0)P [ 107ul® + D 10:0:05uf” | + (1) [VOyul?

i,j=1

+ (501" 2|V (010, — Ayl + (s01)P 2 [ 100l + 3 10:05u)

ij=1
+ (S@l)p+5|Vu|2 + (8<P1)p+7|u|2 e2sw1 dadt
< C’/ (s@1)PH |GI? 2%t dadt
Q

+ C/ [(scpl)p+1|V8tu|2 + (sapl)p+2|V8t%u|2 + (scpl)p+5|Vu|2} e?¥1 dSdt.
)

Thus we obtain (4.3). O

Proof of Theorem 4.3. By using Lemma 4.5 instead of Lemma 4.4, we can prove
Theorem 4.3 in the same way as Theorem 4.2. ad

Furthermore we need Carleman estimates for elliptic equations in the proof of the
stability estimates in inverse source problems which we will develop in section 5.

Let us assume that a;; € CY(Q), a;; = aj; (i, = 1,...,n), b € C(Q) (j =
1,...,n), ¢ € C(Q), and that there exists a constant i > 0 such that

n

SIEP < D Tl TP, €= (o &) €R o€l

ij=1

We consider the following symmetric uniformly elliptic operator:

A(z) ==Y 0i@;(2)0;5(x)) — Y bj(2)0;0(x) — E(2)V(x), = € Q.
i,j=1 j=1

Set @ (2) = or(x,to), © € Q, and ¥y (z) = VYr(z,to), © € Q, for k = 1,2. Then we
have the following lemmas.

LEMMA 4.6. Let p > 0. There exists Ag > 0 such that for any A > Ao, we can
choose so(A) > 0 for which there exists C = C(sg, A) > 0 such that

| 6B0rt 2 00558 + (s 9 - (s il | 7 do
Q

i,j=1

= C/ (5‘51)”715962% dr + C/(S@l)pHWT)Fe%Jl ds
@ Y

for all s > so and all v € H*(Q) satisfying v(z) =0, x € IN.
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LEMMA 4.7. Let p > 0. There exists Ao > 0 such that for any A > o, we can
choose so(A) > 0 for which there exists C = C(sg, A) > 0 such that

[ 63 S 100,58 + (s2)7 VI + (s o | 4 da

i,j=1

<C [ (smy AP ot C [ () R do
@ w

for all s > so and all v € H*(Q) satisfying v(z) =0, x € IN.

These lemmas can be shown in the same manner as the parabolic case by means
of integration by parts. Hence we omit the proofs of these lemmas here.

We conclude this section by introducing Carleman estimates for the third-order
partial differential equations which we use in the proof of the stability estimates in
inverse problems of determining the diffusion coefficients.

Let p = (p1,...,pa) € {C ()},

LEMMA 4.8. We assume that there exists m1 > 0 such that |p(z) - Vdi(z)| > ma,
x € Q. Then there exists \g > 0 such that for any A > Ao, we can choose so(A\) > 0
for which there exists C = C(so, A) > 0 such that

/lsﬁl > 10:0;0001 + (s31)°| VAT
Q i,7,k=1
+(551)> Y 1005 + (81)° (VI + [0%) | 2" da

4,j=1

< c/ (V(p- VAR + [p- VAT?) 2% di
Q

for all s > sq and all v € H*(Q) satisfying |0(x)| = |Vo(z)| = |Av(z)] = [VAD(2)| =
0, z € 09, and |Vorv(x)| =0,z €~ (k=1,2,...,n).
LEMMA 4.9. We assume that there exists mg > 0 such that |p(x) - Vda(z)| > me,

x € Q\ w. Then there exists Ao > 0 such that for any A > Ao, we can choose so(N\) > 0
for which there exists C = C(so, A) > 0 such that

/ |ﬁ¢2 Z |818J8k5|2 + (8&2)2|VA5|2
Q ij k=1
+ (8&2)3 Z |818J5|2 + (5@2)5 (|V5|2 + |f17|2) 6251;2 dx
1,j=1

< O/ (IV(p- VAD)|? + |p- VAD) e25%2 dy
Q

for all s > so and all v € H*(Q) satisfying [0(z)| = |Vi(x)| = |Av(z)| = |[VAD(2)| =
0, z € 09, and v(z) =0, = € w.

To establish the Carleman estimate for p-VA©, we start by proving the first-order
partial differential equations p - V.
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LEMMA 4.10. We assume that there exists my > 0 such that |p(x)-Vdi (x)| > mq,

x € Q. Then there exists \g > 0 such that for any X > o, we can choose so(\) > 0
for which there exists C = C(so, A) > 0 such that

/(5@)2 (|V5|2 + |,17|2) 625@1 dzr < O/ (|V(p . V5)|2 + |p . V’17|2) e25@1 dr
Q Q
for all s > so and all v € H?(Q) satisfying [0(z)| = |[Vo(z)| =0, z € 9.
LEMMA 4.11. We assume that there exists mg > 0 such that |p(x)-Vda(x)| > mao,

x € Q\ w. Then there exists Ao > 0 such that for any A > Ao, we can choose so(N\) > 0
for which there exists C = C(so, A) > 0 such that

/(5@)2 (V3 + [32) %= do < o/ (V(p- Vo) + |p- Vo) €272 da
Q Q

for all s > so and all v € H?*(Q) satisfying [v(x)| = |Vi(z)| = 0, z € 99Q, and
v(z) =0, z € w.

Proof of Lemma 4.10. Setting w = Tes¥t in Q, we have
eV (p - V) = p- Vi — sAG1(p - Vdi )@ in Q.

Taking the weighted L2 norm, by integrating by parts we obtain
/ p- V17|2e23121 dx
Q
:/ Ip - vw|2dx+/ X231 (p - Vdy)?|w|* dx
Q Q
- 2/ S)\(,Bl (p : le) ij@(‘?j@ dx
[e) -
j=1
2/82>\295§(P'le)2|@|2 dw—/SA@(P'le)ZPjaj(@)ZdﬂC
Q Q :
Jj=1
_ / 222 (p - Vi 2|2 da +/ 3231 (p - Vdy 2|2 do
Q Q

+/ sAP1 [(p - Vdi)(divp) +p- V(p - Vdy)] |@]? dx.
Q

Hence we have
/ SN2E2 5|2 da < C'/ Ip- v5|2625@1 dr + C/ (s/\Qﬁl + 5/\@) |@|? da.
Q Q @

Taking sufficiently large s > 0, we may absorb the second term on the right-hand side
of the above inequality into the left-hand side and we see that

/ SN2 |w|? dx < C’/ p- V5|2e281z1 dx,
Q Q
that is,

(4.12) / 52)\2ﬁf|z~)|2e231;1 dzx < C/ p- V5|2e28121 dzx.
Q Q
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Set v = Okv in Q for k =1,2,...,n. We consider
p- Vi, = 0(p- V) — (9xp) - VO.

Applying the estimate (4.12) to the above equation, we may obtain
/ 52)\2&%|5k|2625”’z1 dr < C/ Ip - VUi |2e¥ dr
Q Q
<cC / |01 (p - V32201 dg + C / |(0kp) - V3|22 da.
Q Q
Hence we have
/ 52/\2@5%|V'17|2625% dr < C/ V(p - V5)|2625J1 dr + C/ |V17|2625J1 de.
Q Q Q

Choosing sufficiently large s > 0, we can absorb the second term on the right-hand
side of the above inequality into the left-hand side and we may get

/52A2¢§|w|2625@1 do < c/ IV(p - V)22 da.
Q Q

Combining this with (4.12), we obtain the Carleman estimate of Lemma 4.10. Thus
we conclude Lemma 4.10. O

Proof of Lemma 4.11. By an argument similar to that used in the proof of
Lemma 4.10, we may obtain Lemma 4.11. ad

Remark 4.12. In one spatial dimension, the assumption |Vo| = 0 on 99 is not
necessary in Lemmas 4.10 and 4.11. In this case, we have the following Carleman
estimate by integration by parts:

/ (s31)? (|12 + [3]2) e+ dar < C / 1017262 da
@ Q

for k =1,2.

Now we are ready to prove Lemmas 4.8 and 4.9.

Proof of Lemma 4.8. Set y = Av in Q. By |Av(z)| = |[VAU(x)| =0, z € 99, we
see that |y(z)| = |Vy(z)] =0, z € 0. By Lemma 4.10, we obtain

[ 630 (V37 + [7%) % do < C [ (V- V) + [p- VGE) 2% da.
Q Q
that is,
(4.13) / (s1)? (VAT + | ATP) 2% da
Q

< O/ (IV(p- VAD)|? + [p- VAD) 2501 4y,
Q

Next we use the Carleman estimate for elliptic equations to estimate the left-hand
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side of the above inequality. By Lemma 4.6 with p = 2, we have

(4'14) / S@l Z |({915J5|2 + (861)3|V7§|2 + (5851)5|5|2 6281;1 dx
Q

=1
<c / (551)2| AT |22 dy.
Q

Setting vy, = Okv in Q for K =1,2,...,n and using Lemma 4.6 again, we see that

n

/ s Z 10;0;0k > + (1) | VU[* + (s81)° [0k |? | €29 dx
Q

ij=1
< C/(s@1)2|A'ﬁk|2e2s% dz,
Q

that is,

n

(@) [ |55 32 00,008 + (F0° Y 007 + (55| e
Q

i,4,k=1 i,5=1

<c / (531 2| VAT[2e27" da.
Q

983

Summing up the inequalities (4.13) —(4.15), we may obtain the Carleman estimate of

Lemma 4.8.

O

Proof of Lemma 4.9. Using Lemmas 4.11 and 4.7 instead of Lemmas 4.10 and

4.6, we may prove Lemma 4.9 in the same way as Lemma 4.8.

|

5. Proof of stability estimates. Hereafter we let C' denote a generic constant
which is independent of s, z,t and let C(s) denote a generic constant which is inde-

pendent of z,¢ but depends on s.
5.1. Stability in inverse source problems.

Proof of Theorem 2.1. By using Lemma 4.1 for (2.3), we obtain

(5.1) p20wu(x,t) — (p10r — A)*u(z,t) = F(x,t), (x,t) € Q,
where we introduced F(z,t) as
(5.2)
F(a,0) = o2 %(m&—MMﬂ@M%m+mﬂ@%;?
R(z,t) Z 0;(ai;(x (2))
4,j=1

n

+Z<2Zau )OiR(z,t) — b()R(CCJ))ajf(x)

+ | 207 R(z,t) — prdyR(w,t) + > ilais ()0, R(x, 1))

- i b;(2)0; R(x,t) — c(a)R(x,t) + %\/%0)1 f(2), (2,t) € Q.

Jj=1
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Let us set y = dyu, z = 0%u in Q. By differentiating (5.1) with respect to t, we
have

(5.3) pgaty(xat) — (p10: — A)2y(x,t) = 0 F(,1), (z,t) € Q,
(5.4) pa0iz(x,t) — (p10y — A)?z(x,t) = 02 F(z,1), (z,t) € Q.

Since u(z,t) =0, (z,t) € 9Q x (0,T), we see that
y(x,t) = z(x,t) =0, (x,t) € 02 x (0,T).

To use the Carleman estimate in Qs, we introduce the weight functions. Set

eAdl (z) e)\d1(r) _ eZAHdl”c(ﬁ)

t—to+06)(to+o—1t) Vaa(@t) = (t—to+0)(to+6—1)

ws1(x,t) = ( , (x,t) € Qs.

Fixing A > 0 and applying Theorem 4.2 (p = 0) to (5.3) and (5.4) in Qs, we have

(5.5) /Q 5

(s05.1)° | 0y + 102 + D 005y + > 18102

4,j=1 4,j=1

+ (s6,1)° (IVy[? +1V2?) + (ss1)” (Jy* + |2]?) | eV dadt

< C/ sps1 (|0cF|? + |07 F|?) eV dwdt + CB,
Qs

spsi (IVOy|?> +|VO,z|?)

+ (sps.1)? (|V8t§y|2 + |V8?z|2) + (sps1)? (|Vy|2 + |Vz|2) e25Vs1 4Sdt.

~ 1 L

We can estimate B by B2 We note that 929" = 8;”+2, m € N, and Lemma A.1.
Since there exist constants Ck(s) > 0 such that @’5)162“/’5’1 < Ci(s) on X5 for k =
0,1,2,..., we have

Egc/
F

1 1
5051 |VOPu|? + (sps.1)? (|V8t2 Opul® 4 |V O? 3t2u|2)

+ (s¢s,1)° (IVOul* + |V8,52u|2)] e2svan dSdt
< C(s)B%.
Note that

/ sps (|0:F 2 + |07 F|?) o1 dodt < C S¥s.1 Z |02 f|2e25¥sr dadt.
Qs Qs ‘Ot|§2
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This together with (5.5) gives

(5.6) /Q 5

(s05.)° [ 10w + 1002 + > 10:0591> + > 10:0521

i,7=1 i,j=1

+ (s95.1)” (IVy? + |V2?) + (sps.0) (yl* + |21?) [ >V dadt

<C S¥s.1 Z 0% f|2e?s¥s1 dadt + C(s)B2.
@ ja]<2

Let us expand the left-hand side of (5.1). We have

padwu(x,t) — pr02u(x,t) + 2p10; Au(x, t) — A%u(z,t) = F(x,t), (z,t) € Q.
In particular at ¢ = tg, we have
(5.7) piowu(x,to) — pi0tu(w,to) + 2p10: Au(z, to) — A%u(z, to) = F(x,ty), = € .

Taking the weighted L? norm of (5.7) in Q, we obtain

5.8 s1(z,t0)| F(z, to)|2e* o1 (®:t0) gy
(5-8) ws,1( to)|
Q

3
< CZJHC/Q%(MO) > [0u(a, to) [P Ve (o) da,

k=1 || <4

where
Ji= [ sz, to)|Opu(z, to)[?e? V1 (=:10) dg,
@5,1(,t0)|0Fu(z, to)| 2o (7:10) gy,

ey

ws.1(x, to) |0 Au(z, t0)|2e25w5*1(w’t°) dx.

s

Ny
I
S—o— 5

Let us estimate Ji, Jo, J3. We assume that s > 1 is large enough to satisfy sps; > 1
in Q. We note that 0151 (x,t) < Ce3 , (z,t) for (z,t) € Q.

to
Ji 2/ /@ (ps,1lyl?e* Vo) dadt
to—8 JQ
to
<C [ [ [P+ enaloully] + sl u] 20 deds
6JQ

to—

< C/Q so3 1 (Jyl? + [2]?) e25¥5 dadt.
8

Combining this with (5.6), we may estimate the right-hand side of the above inequality
and we obtain

c
(5.9) Ji < 5_5/ pon 3 100 26251 dudt + C(s)B2.
Qs
la]<2
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Similarly, we obtain

to
J2 2/ /at (ps,110ry|*e** o) dadt
t Q

0—90
to

<C / [@§,1|3ty|2 + ©5.1102y||Ory| + sgo?)ﬂ@tym e25¥s dydt
to—6J0

< [ ey (ul + 0= 0 de
Qs
Putting this together with (5.6), we see that

(5.10) Jo < g/ ps1 > |08 fIPe* Vo dadt + C(s) B,
Qs

lor<2

Moreover we have

to
/s :/ /5t (51| Ay[Pe? Vo) dudt
to—6 JQ
to
< C/ 5/9 [¢§,1|Ayl2 + 51|01 Ayl | Ay| + S¢§71|Ay|2] 25051 dudt
to—

< C/Q sy 1 (|Ay)? + |Az[?) e*¥o1 dudt
s

< C/Q s 1 Z |0%y|* + Z 10922 | e25¥o1 dadt.
5

lor]<2 lor]<2

This together with (5.6) gives

(5.11) Jg < %/ ©s.1 Z |02 f|2e2¥51 dxdt 4+ C(s)B2.
Qs
la|<2

By (5.8) through (5.11), we have

(5.12) /%,1(58,L‘o)|F(x,t0)|2625w511(rvt°)d:c
Q
¢ a p12 25151
< — 5,1 Z |0 fI7e**¥or dadt
$ JQs
lee|<2
+C/ psa(@,to) > [0%u(@, to)|?e V51 (o) da 1 O(s) B,
Q

lor| <4

We will estimate the left-hand side of the inequality (5.12) from below using the
Carleman estimate for the elliptic equation stated in Lemma 4.6 (p = 1). By (5.2) at
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t = to, we have

(5.13) Z 0i(a;(2)0; f (x))

i,j=1
+ R(xl to) > <2Zaij($)8iR(x,to) - bj(x)R(x,t0)> 0, f(x)
’ j=1 i=1
+ R(xl t0) Pzat%R(x,to) — p1OtR(z, to) + Z 0:(asj ()0, R(z, to))
’ ij=1
_ ; b; ($)3jR($, to) — c(x)R(x, to) + %\/%O) f(x)
— F(xvtO)
- R(Zli,to)’ € Q.

We note that f(z) = 0, z € 99, and Vf(z) = 0, x € ~, are assumed. Applying
Lemma 4.6 to (5.13) in €, we obtain

1 e 2 2s1s.1(x,to)
618 < [ pnitante) 3 102 @) Perevs e da

la|<2

<5 [ S jessapenet ar

lor<2

¢ = 50, )2
< S/Q<Z|alajf< )

i,j=1
+ (ss,1(2,10)) 2|V f ()] + (swa,l(w,to))4|f(x)l2>62“’“’1(””’“) d

F(z,t0)]”

< c/ r
- Q%’l(x o) R(z, o)

<c / 5.1 (2, o) [F (2, t0) 2 27010 d.
Q

e2sw(m,to) dr

By (5.12) and (5.14), we obtain

1 o 2 2ss.1(x,to0)
e15) 1 et Y oes@Pe e da

laf<2

C
< 5 ©s.1 Z |09 f|?e?5¥s dadt
@ jal<2

+c/ po(,to) Y 05u(a, to)Pe® Vo1 (W00 do 4 C(s) B2
Q

o <4

Let us estimate the first integral term on the right-hand side of (5.15).

| osa 3 wone e dodt = [
Qs

la]<2 @

psalw,to) S 02 F12e2 Vs IO (o) da,

laf<2
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where

1 to+6
hs(x) = 7/ s 2Waa(@to)=vsa(@t) g 0 e Q.
905,1($7t0) to—6 ’

Since ¥5,1(z,t0) — ¥s1(z,t) > 0, (z,t) € Qs, hs converges pointwise to 0 in Q as
s — oo by Lebesgue’s dominated convergence theorem. Moreover by Dini’s theorem,
we see that hs converges uniformly to 0 in €2 as s — oco. Hence, taking sufficiently
large s > 0, we can absorb the first term on the right-hand side of (5.15) into the
left-hand side and obtain

1
[ esaloto) 3 105 f@)P e ds
Q

5
|| <2

< C/ ws.1(x, t0) E |3§‘u(a:,t0)|2625¢‘5~1(z’t0) dx + C(s)B2.
Q
o] <4

(5.16)

Fix s > 0. Noting that s (-, tg)e?*¥s1(*) has its upper and lower bounds in Q, we
see that
[ flm2(0) < Cllul:, to)ll o) + CB.
Thus we obtain the stability estimate. d
Proof of Theorem 2.2. We may prove Theorem 2.2 by an argument similar to

that used in the proof of Theorem 2.1. In the proof, Theorem 4.3 and Lemma 4.7 are
used instead of Theorem 4.2 and Lemma 4.6. d

5.2. Stability for the diffusion coefficient. Next we prove Theorems 3.5
and 3.6. The proofs are very similar to the proofs of Theorems 2.1 and 2.2.

Proof of Theorem 3.5. Applying Lemma 4.1 to (3.7), we obtain

(5.17) p20u(x,t) — (pr0s — A ?u(z,t) = F(x,t), (2,t) €Q,
where
(5.18)
Fa,t) = 0207 = (1~ 4)] iv(a(a)¥r(a, ) + 22T
=aW(2)Vr(z,t) - VAa(z) + 22 (2) Y (0:0;r(x,1))(9:0;a(x))

i,5=1

+a V() Ar(z, t) Aa(z) + (VaD (z) — b(z)) - (Vr(x, t) - V)Va(z)

(0207 — p18)Vr(z, 1) + 3¢V (@) VAr(2, t) + (Ar(z, 1)) Va® ()

+
p2Vr(x,0)
— (Ar(z,t)) b(z) — c(x)Vr(x,t) + W - Va(zx)
+ (VaM (z) —b(z)) - (Va(z) - V)Vr(z,t)
4 | (0207 — pr8n) A, t) + (Ve (@) VAr(w, 1)) + 0D (@) A% (. 1)
— (b(z) - VAr(z,t)) — c(z)Ar(z,t) + &7(::’0) a(z), (z,t)€qQ.




INVERSE PROBLEM FOR FRACTIONAL DIFFUSION EQUATION 989

Setting y = dyu, 2 = 0?u in @ and differentiating (5.17) with respect to ¢, we
have

(5.19) P20y (x,t) — (p10y — A2y (a,t) = O, F (1), (z,1) € Q,
(5.20) p20iz(x,t) — (10 — AV 22(2,t) = O2F (1), (z,t) € Q.

Since u(z,t) =0, (z,t) € 9Q x (0,T), we see that
y(x,t) = z(x,t) =0, (x,t) € 02 x (0,T).

Fixing A > 0 and applying Theorem 4.2 (p = 1) to (5.19) and (5.20) in Qs, we
have

(5.21) /Q 5

(s0s.1)” (IVOy|* + |VOs2|?)

+ (ss,1)” (IV(m@t — A2+ [V (010, — Aél))2|2)

+ (sps)* | 10w + 1002 + D 1005y + D 10192

4,j=1 4,j=1

+ (s95.1)° (IVy° +1V2?) + (s05.1)° (lyf* + |2]?) [ V5 dudt

<C [ (sp51)? (|atﬁ|2 + |a§ﬁ|2) €251 dzdt + OB,
Qs

where

E:/
Xs

(s51)° (IVOy)* + |VO,2[)

+ (sps1)? (|V8t§y|2 + |V8?z|2) + (sps.1)° (|Vy|2 + |Vz|2) €255t 4Sdt.

As we have seen in the proof of Theorem 2.1, we may obtain B < C/(s)B2.
Note that

/ (so)? (10 +|02FP?) Vi dd

Qs

< C/ (ss1)? | [VAal* + Z |0%al® | e*¥s dadt.
Qs o] <2

This together with (5.21) gives

(5.22) /Q 5

(s5.1)° (IVOey|” + |VOi2|?)

+ (ss.)? (190101 — ALyl + [V (pr0s — AL )zI?)
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+ (s05)* [ 10wy® + 1002 + Y 10059 + D 10:0;2)°
ij=1 ij=1
+ (5051)° (IVy? + V2[?) + (5051)° (lyl* + |21*) | €**¥o dadt
< c/ ses)? [ IVoa2+ 3 02af? | €295 dudt + C(5) B2
|| <2
Let us expand the left-hand side of (5.17). We have
pRovu(x, t) — pRoRu(x, t) + 2010, A u(x, ) — (AS))?u(w,t) = F(x,1),  (2,t) € Q
Moreover we have
03V Ou(x, t)—piVoiu(z, t)—|—2p1V8tAé1)u(a:, t)—V(Aél))Qu(x, t)=VF(z,t), (z,t)€Q.
In particular at ¢ = tg, we have
(5.23)
2 292 (1) _ o a(1)y2 _ -
pa0wu(x, to) — pr0iu(x,to) + 2p10: A5 u(x, to) — (A ') u(z, to) = F(z,t0), v € Q,

and

(5.24)  pAVowu(z,ty) — piVOZu(x,to) + 2p1V3tAgl)u(x,t0)
— V(A u(z, ) = VE(x,t0), = €.

Taking the weighted L? norm of (5.23) and (5.24) in ), we obtain

(5.25) / ( x,t0) | + |VF(CC t0)| >e2sw5,1(w7to) dx
6
ZJk+C/ D [0%ulx, to) e Ve (o) dy,
k=1 2 al<s
where
jl :/Q|8tu($,t0)|2625¢5‘1(r’t0) dz, jz :/Q|3,52u(33,t0)|2625¢‘5*1(z’t0) dz,

:/@é%u@W&wmwm,LZ/W@M@Wﬁwmmm,
Q

jS :/ |Vat2u(x’t0)|2e2swa,1(w,to) dz, / |V8t u(z,t )|2 2s5,1(2,t0) o
Q

Henceforth we estimate .J; through Jo by using the Carleman estimate. We assume
that s > 1 is large enough to satisfy sgs1 > 1 in Q. We note that 0utsq1(z,t) <
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Cy3  (z,t) for (z,t) € Q.

. to
J1 =/ /3t (|y|2625w511) dxdt
to—38 JQ

to

<c [ /Q (10elly] + s 1[y[?) €251 dudt

to—

< C/ so3q1 (lyl? +12%) e2sYs1 dydt.
Qs

Combining this with (5.22), we may estimate the right-hand side of the above inequal-
ity and we obtain

(5.26) Ji < 8%/ 03 [ IVAal + ) |0gal? | e2¥or dudt + C(s)B2.
Qs
lal<2

Similarly, we obtain

to
Jo 2/ / Oy (|8ty|2628w5’1) dxdt
¢ Q

076
to

<c[ /Q (102]104] + 5021 |0py[2) 252 drdt

to—

< C/ sz 1 (10wy)? + [0r2]%) €251 dadt.
Qs

Putting this together with (5.22), we see that

(5.27) Jy < %/ 03, | IVAal? + ) [02al? | e¥or dudt + C(s) B2
Qs

lor]<2

Moreover we have

~ to
B [ o ()
to—8 JQ
to
<o [* [ (M0 + 53 AP ) o0 d
to—

<O [ sk, (A9 + 14D ) e dade
Qs

< C/ 5931 Z |0%y|* + Z |09 2|2 | e2$¥51 dadt.
@ jal<2 jal<2
This together with (5.22) gives

e
(5.28) h<C /Q o2, | 1VaaP + 3 [02al? | 2951 dudt + C(s) B2,
s [a] <2
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We have

~ to
Jy =/ / O (|Vy[2e®¥er) dadt
to—38 JQ

to
< [" [ (V0TI + s o) v dndt
Q

to—4

< C/ 8(,0%)1 (IVy]> +|Vz[?) eV dadt.
Qs

Combining this with (5.22), we may estimate the right-hand side of the above inequal-
ity and we obtain

(5.29) Ji < %/ w51 | IVl + ) |0gal? | €25 dadt + C(s) B>,
s jal<2
Similarly, we obtain

Js =/ /& (|V8ty|2625¢‘5v1) dxdt
to—38 JQ

to

<C / (|V3t2y||V8ty| + $@§)1|V3ty|2) e25¥s dadt
Q

to—9

< C’/ 8(,0%)1 (IVow|® + |VO2?) e2s¥a dadt.
Qs

Putting this together with (5.22), we see that

(5.30) Js < C/ sez1 | IVAal + > [03af* | €*¥or dadt + C(s) B>,
Qs

la|<2
Moreover we have
~ to
Js :/ / o (|VAgl)y|2€2Sw‘s’l) dudt
to—0 JQ
to
S C/ / (|VAél)aty||vAly| + S(,O%)ﬂVAél)yF) 6251/15,1 d$dt
to—38 JQ
<C [ sy VAV + (9L ) 20 o
Qs
<C o 5@%,1 (IV&tyIQ + |V(p10r — Agl))y|2
5

+ Vo2 + |V (p10r — Agl))z|2>e2sw5’1 dadt.

This together with (5.22) gives

(5.31) Jo < C 8(,0%’1 |VAal? + Z |0%al? | e25¥51 dadt + C(s)B2.
Qs
la]<2
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Summing up the estimate of (5.25) through (5.31), we have

(5.32) / (1B, to) P+ [VF (o, ta) ) 205240 g
Q
< C/ SQ3 1 (|VAa|2+ Z |80‘a|2) eV dudt
|| <2

+c/ S (0% u(z, to) PeB e @) gy 1 O(s) B

|| <5

Let us estimate the left-hand side of the inequality (5.32) from below. By (5.18) at
t = ty, we have

(5.33) oM (2)Vr(xz, to) - VAa(x)

n

= F(z,t0) — 22 (2) Y (2:9;7(w, t0))(8:0;a(x))
i,5=1

—a 1)( )Ar(x to)Aa( ) (Va(l)(x) _ b(x)) . (VT(CE,tO) . v)va(x)
: [Wﬁé — P18V (e, to) + 30D @)V Ar(, o) + (Ar(x, b)) Va ()

p2Vr(z,0)

N -Va(x)

— (Ar(z,t9)) b(z) — c(x)Vr(z,to) +

— (VaM(z) = b(x)) - (Va(z) - V)Vr(z, to)

F ol

— (0207 — p18y) Or(a, to)+(Va(1)(x)-VAr(x,to))+a(1)(x)A2r(x,t0)

— (b(x) - VAr(z,t9)) — c(z)Ar(x, tg) +

Note that
|Vr(z,to) - Vdi(2z)| >m1 >0, x€Q,

and a € H*(Q) satisfies a(x) = 0, 2 € D. Let us apply Lemma 4.8 to (5.33) in .
Then we obtain

/ [8%1 rto) 3 100,00 + (5512, 10) IV Do)

i,7,k=1

+ (sps.1(x, 1)) Z|88a

7,j=1

+ (s@s1(@,t0))” (IVa(x)* + Ia(x)lz)] ePanto) g

go/ (1. t0) P+ [V F(z 10)?) 25%1“0>da;+0/ S 0%a(z)Zer @) gy,
Q

|| <3
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Combining this with (5.32), we obtain

(5.34)

n

/lé’%,l(%fo) > 10:0;0a(@)” + (sps1(x,t0))?|VAa() [
Q i,j,k=1

n

+ (spsa(a,t0)* Y 10:0;a(x)|?

4,j=1

+ (55,1 (2,t0))° (IVa(2)|* + |a(x)|2)1 e? s i) gy

<C/ sgpél |VAa|2+ Z |0%al ) 2595 ddt

|| <2

—I—C/ Z |aa |2 25951 ( acto)dgj

|| <3

+c/ S 105 u(z, to) PR @) gy 1 O(s) B

|a| <5

< 0/ /Q[ S |0:0;0ka()?

i,7,k=1

+ 5031 (2 t0) (IVBa@) 2+ > |8§‘a(x)|2)] 2o (@10) gy

la| <2

+c/ S (0% u(z, to) PeB s @) gy 1 O(s) B

|a| <5
In the last inequality, we used the fact that
31 (@, 1)e Vo1 00 < oF (1) Vo (910 (2, 4) € Qs

for large s > 0.
Choose sufficiently large s > 0 and absorb the first term on the right-hand side
of (5.34) into the left-hand side. Then we obtain

(5.35) /lscp[;,l(x,to) Z 10;0;0ka(2)]* + (sps1(z,t0))? |V Aa(z)|?
Q2 i, k=1

+ (sps1(2,t0)® Y 10:0;a(x)|?
ij=1
+ (sps.1(z,t0))° (|Va(a:)|2 + |a(x)|2) e25%s1(@:to) gy
<0/ 3 02u(, to) Pe2 V31 10) g 1 C(s) B2

|| <5

Fix s > 0. Noting that s (-, tg)e?*%¥s1(~*0) has its upper and lower bounds in Q, we
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see that

lallzs ) < Cllu(-, to)llas ) + CB.

Thus we obtain the stability estimate (3.11). O

Proof of Theorem 3.6. We may prove Theorem 3.6 in the same way as Theo-
rem 3.5. a

5.3. Stability in simultaneous determination. Next we prove Theorems 3.8
and 3.9 by the combination of the proofs of Theorems 3.5 and 3.6 and the proofs of
Theorems 2.1 and 2.2.

Proof of Theorem 3.8. Applying Lemma 4.1 to (3.17), we obtain

(5.36) P20 (z,t) — (p10; — AV2ug(z,t) = Fo(z,t), (x,t) € Q,
where
(5.37)
Fo(z,t) = [pgaé — (10, — A<1>)} (div(a(z)Vre(z, 1)) — c(@)re(z, 1))
n p2 div(a(x)Vre(z,0)) B pac(x)re(z,0)
vt vt
= oM (2)Vre(z,t) - VAa(z) 4+ 2aM (x) Z (0:0;1¢(z,1))(0:0;a(x))

+aW(2)Arg(z, t) Aa(z) + VaD(z) - (Vre(a,t) - V)Val(z)

+ (0207 = p180) V(1) + 30D (2)V Are(a, ) + (Are(z, 1)) VaD (2)

Vre(z,0)
— V(@) (a, 1) + 2XATT)
D (a) V(o) + P

+Va(z) - (Va(z) - V)Vre(z

-Va(zx)

t)

(0207 = pr0) e, 1) + (VaD (@) - VAT, 1)) + 0D (@) A2, 1)

+

— c(l)(x)Arg(x, t)+ 7@&7?(% 0)1 a(z)

Vit
— 1oz, t) div(a™M (2))Ve(z)) — 2D (@) Vi (2, t) - Ve(z)

- [(PZat

=

— p10y)re(x, t) + div(a™ (2)Vrg(z, 1))

— W (@)rp(a,t) + %\/%0)] c(z), (z,t)€Q,

for ¢ =1,2.
Setting ye = Oyup, 20 = 0?up in Q for ¢ = 1,2 and differentiating (5.36) with
respect to t, we have

(538) pgaty@(xvt) - (plat - "4(1))21/5(3:3 t) = atF[(ZII,t), (ZIJ,t) € Qa
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(5.39) P20 zo(x,t) — (p10y — ANV 24 (2, t) = B2 Fy(x, t), (z,t) € Q,
for £ =1,2. Since u¢(z,t) =0, (z,t) € 9Q x (0,T), we see that

ye(z,t) = ze(z,t) =0, (x,t) € 90 x (0,T),

for ¢ =1,2.
Fixing A > 0 and applying Theorem 4.2 (p = 1) to (5.38) and (5.39) in Qs, we
have

(5.40) A;

(s051)* (IVOwe|® + [V 2e|?)

+ (s5.)* (19010 = AV )yl + [V (10 — AV) ]2

+ (505" | 10wel® + [0zel® + D 10:05we* + > 10:0; 241

4,J=1 4,J=1
+ (595.1)° (IVyel + [Vzel?) + (s0s.1)® (Jyel” + |Z1z|2)] e**¥st dadt
< C’/ (5@5,1)2 (|8th|2 + |8t2Fg|2) eV dadt + ng,
Qs

where

By :/ [(8¢571)2 (|Vaty€|2 + |Vat2€|2) + (S(,O(s)l)g (|Vat§y€|2 + |V8t52€|2)
s

+ (sg0571)6 (|Vyg|2 + |Vzg|2) e25¥s1 4Sdt,

for £ =1,2. As we have seen in the proof of Theorem 2.1, we may obtain El + Eg <
C(s)B2.
Note that

/ (5@5,1)2 (|(’9th|2 + |8t2Fg|2) e25¥s1 dudt
Qs

<C | (ssn)® [ IV + Y [0gal® + ) |05 | e*¥or dadt
@s la|<2 laj<2

for £ = 1,2. This together with (5.40) gives

(5.41)

J.

(s¢5,1)° (|VOwe|? + |Vyze|?)

+ (s5.)? (190100 = AV )yl + V(010 — AV)z]2)

+ (sps,1)* <|3tye|2 10z + Y 1005 + Y |8i8jze|2)

ij=1 ij=1
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+ (595,1)° (IVyel® +[Vzel?) + (5051)° (lyel® + |2e)?) | €2V ddt

< c/ (sps1)” [ VOGP + > [03al> + > [03c* | V> dadt + C(s) B
Qs

laj<2 laj<2

for  =1,2.
Let us expand the left-hand side of (5.36). We have

p20uug(x, 1) — p202up(z, 1) + 201 0p A D ug(z, 1) — (AW ug(z, ) = Fy(a,t), (x,t) € Q,
for £ = 1,2. Moreover we have

paNV dyug(x,t) — p2VORug(z,t) + 201 VAN ug(, 1)
- V(A(l))Qul(xvt) = VFE(xvt)a (33, t) S Qa

for ¢ =1,2.
In particular at t = ty, we have

(5.42) p20sug(x, to) — p?02ug(x, to) + 2p10r AV ug (2, o)
— (A2, to) = Fy(z,t0), x €,

and

(5.43) P2V (z, to) — p2V P up(x, to) + 2p1 VLAV up(z, o)
— V(A(l))zug(a:,to) = VFi(z,tp), €9,

for £ =1,2. Taking the weighted L? norm of (5.42) and (5.43) in (2, we obtain

(5.44) / ((506,1)2|Fe(,t0)|? + |V Fo(w, t0)|?) e2¥o1(@:t0) gy
Q

6
<C Z I + C/ Z (5051 (2,t0))2|0%up(z, to)|2e2*¥o1 (@:t0) 4y
k=1

@al<s

where
Jl,z:‘/9(830571(:5,to))2|8tu€(x7t0)|2e28¢6,1(1xt0) dz,
Jz,e=‘/9(830571(;6,to))2|6t2u€(x,t0)|2e2swa,1(ﬂv,to) dz,
T = [ (580, 10)P0AD (o, o) P20 540 s,
J4,e=/Q|V3tw(x,t0)|2e25w5’1(1xt0) dr,
Js,z=/Q|V(’9t2ug(x,t0)|2e25¢5~1(“0) dr,
JG,Z:‘/Q|VatA(1)Ug(x7t0)|2625¢’5,1(f7t0)dx

for  =1,2.
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Henceforth we assume that s > 1 is large enough to satisfy sps1 > 1 in Q). We
may estimate J; ¢ through Js, for £ = 1,2, via the same argument which we used
in the proof of Theorems 2.1 and 3.5 by using the inequality (5.41) derived by the
Carleman estimate.

e :/ /@ (503 alyel*e*V51) davdt
to— 5

<cC 5/ [5°03 1 1yel® + %031 10wellye| + 205 1 yel?] €245 dudt
to—

< C/ s?’gpf;l (|yg|2 + |Zg|2) e25¥s1 dydt
Qs

for £ = 1,2. Combining this with (5.41), we may estimate the right-hand side of the
above inequality and we obtain
(5.45)

T <c/ #i (19 na 1 S 02a2 + (0%l | 2V dudt + C(5) B2

|| <2 oo <2

for £ = 1,2. Similarly, we obtain

Ja e =/ /at 52 r 31 10tye| e st“) dzdt
to— 6

<c 5/ (2681 100el? + 5202110 uel Beyel + 551 |Ohye ] €23 dndt
to—

<C 53@24;‘71 (|8tyg|2 + |8tze|2) e25¥s dadt
Qs

for £ = 1,2. Putting this together with (5.41), we see that
(5.46)

Jae < C spzq | IVAal® + Z |0%al* + Z |0%¢|? | e*¥s1 dxdt + C(s)B?
@ lal<2 lal<2

for £ = 1,2. Moreover we have

to

J3,e=/ /(% 52@§1|A(1)yg|2625%~1) dxdt
to— 5 ’

/S<p61|~’4 Vyel?

+ 5203 1106 AWy |AD yy| + 5305 1 | AWy, 2| €25 dadt

to—9

< C/ s%05 1 (|A(1)yg|2 + |A(1)24|2) eZsVs dydt
Qs

<C/ s°05 1 Z |0%ye|* + Z |02 |% | e2¥51 dadt

|| <2 || <2
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for £ = 1,2. This together with (5.41) gives
(5.47)

Jse < C / seia [ IVAa? + ) (ogal® + Y [05¢* | e*Ve dadt + O(s) B2
Qs

lor<2 o] <2

forf=1,2.
In the same way as getting the estimates of Jy, Js5, Jg in the proof of Theorem 3.5,
we obtain

(5.48)

Q

Jae <= | @i [[VAal+ D j0gal’+ D [09¢)* | e dwdt + C(s) B,
Qs o <2 o] <2

(5.49)

Js.0 < C’/ sp3q | IVAal® + Z |0%al* + Z |0%¢c|? | e*¥s1 dxdt + C(s)B?,
Qs

| <2 laf<2

(5.50)

Joe < C’/ sp3q | IVAal® + Z |0%al?* + Z |0%¢c|? | e*¥51 dxdt + C(s) B>
Qs

| <2 laf <2

for ¢ =1,2.
Summing up the estimate of (5.44) through (5.50), we have

6
ZJW < C/ snp?m |VAal? + Z |0%al* + Z |0%¢c|? | e*¥51 dxdt + C(s) B>
Qs

k=1 laf<2 lal<2

forf=1,2.
This together with (5.44) gives

(5.51) / ((8@5,1)2|Fg(x,t0)|2 + |V E(x, t0)|2) e25¥s1(@:t0) g
Q

< C/ seia [IVAa+ > [02al* + ) (09| | eV dadt
Qs

lo| <2 lo| <2

e / S (5951 (2, 10))2 0% e 2, to) P62V @40 gy 1 O(s) B
Q

la|<5

for{=1,2.
Let us estimate the left-hand side of the inequality (5.51) from below. By (5.37)
at t = tg, we have

(5.52) aW (2)Vre(z, o) - VAa(z) — re(z, to) div(a™ (2))Ve(z))
= Fy(x,t0) — L1 ea(x) — Loyc(x), € Q,
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where

n

Ly pa(z) = 2a(1)(x) Z (0:0;1¢(x, t0))(0;05a(x))

ij=1

+a M (@) Are(z, to) Aalz) + VaV (z) - (Vre(x, o) - V)Va(z)

+ (0207 — p100)Vre(z, t0) + 3aD (2)V Arg(x, to) + (Are(x, to)) Va® ()

p2Vre(z,0)
— V(@) Vry(, to) + —— Ne -Va(z)
+VaD(z) - (Va(z) - V)Vr(z, to)

(0207 — p18,) Dre(, to) + (Va(l)(x) : VATg(x,to))

p2A1e(x,0)

+ a(l)(x)Azrg(x, tg) — c(l)(x)Arg(x, to) + -
T

]a(x), x €Q,

(=)

Lo ge(z) = =20V (@) Vre(a, to) - Ve(z)
) [(P 0F — prde)ra(a, to) + div(aV () Vri(z, to))

pgrg(ft, O)
\/7Tt0

for £ = 1,2. Multiplying (5.52) for £ = 1 by ra(z,t0), € Q, and multiplying (5.52)
for £ = 2 by r1(x,t0), € Q, and then by the subtraction of new equations, we obtain

]c(x), x €Q,

(5.53) a®(z) (rg(x, t0)Vr1(, to) — 11(z, t0)Vra(x, to)) . VAa(z)

= ra(x,to) F1(z,to) — ri(z, to) Fa(x, to)
— Tg(ﬁ, to)Ll)la(ﬁ) +7r ($, to)LLga({E)
—ro(x,to)Loc(x), +r1(z, t0) Lo 2c(x), x € Q.

Note that
‘(rg(x,to)Vrl (x,to) — (x,to)Vrg(x,to)) -Vd; (x)‘ >m3 >0, z€Q,

and a € H*(Q) satisfies a(z) = 0, # € D. Let us apply Lemma 4.8 to (5.53) in Q.
Then we obtain

(5.54) / [8(,051 x,tp) Z 10:0;0ka(x) > + (sps.1(z,t0))? |V Aa(x)?

i,5,k=1

+ (sps.1(z,t0)) Z|88a

7,j=1

+ (8(,05,1($,t0))5 (|Va(a:)|2 + |a(x)|2) e2s¥s1(@:to) o
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2
< CZ/ (|Fe(z,t0)|* + |V Eu (2, t0)[?) e2s¥sn(@to) gy
=179

+C/ Z |3§a($)|2 + Z |3§c(gj)|2 e25¥s.1(,t0) g,
Q

lal<3 lal<2

On the other hand, by the equation (5.52) for £ = 1 and |r1(z,t0)| > 0, € Q, we
have

(5.55)  div(e™(2))Ve(@)) — %
= 1 aM(2)Vr (z . a(x Lia(@) — Pl to) T
= eV @) V(e t) - Via(e) + A - A s e

Using the above equation (5.55) and the Carleman estimate for the elliptic equation
stated in Lemma 4.6 (p = 2) for ¢, we get

5.56 s2 x, to % 225%5,1(z:t0) o
( ) ¥s,1 g
Q

lo| <2

<C / s@s,1(x,t0) D |05 c|Pe P (mt0) gy
Q

laf<2
<cf
Q

+ (sps.1(2,10))°| Vel + (55,1 (2, 80))°[ef* | €251 (50) dy

s@sa(@,to) > |0i0;c|?

i,j=1

< C/(sg0571(x,t0))2|F1(x,t0)|2e2sw5’1(1’t0) dx
Q

+C [ (spaaleta))? | IVAa@P + Y 2a(w)? | e da.
Q

jal<2

By (5.54), we may estimate the second term on the right-hand side of (5.56) and we
see that

[ s6hatate) 3 jozefersvasteo

laf <2

2
< CZ/ ((ss.1(w,t0))* | Fu(w, o) [ + |V Fu(z, to)|?) e2¥52(#:10) gy
=179

+O/ Z |3§a($)|2 + Z |3§c(gj)|2 e25¥s,1(x:t0) 7.
Q

lor]<3 lo| <2
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This together with (5.54) gives

/Q[S@zs,l(xatt)) Y 18i0;0ka(@) + (spsa(x,t0))* |V Aa(z)

i,j,k=1

+ (ss(2,t0))? D 105 a()]® + 5931 (2, t0) Y |07c] [2V51 (i) dy

laf<2 la|<2

2
< CZ/ ((s@s1(@,t0))?|Fe(w,to)|* + |V Fo(w, tg)[?) e2¥o1 (o) dyy
=17%

—|—C'/ Z |0%a(z)|* + Z 02 c(z)[? | e2s¥s1@t0) gy
Q

|| <3 || <2
Combining this with (5.51), we obtain
(5.57)

n

/9[5%,1(33,750) > 10:050ka(@) + (sws,1(w, 10))* |V Aa()

ij,k=1

+ (ss1(w,10))* Y 05 a(@)]” + 551 (w,t0) Y [5cf* | e*Ponlnh) dg

la]<2 || <2

< C/ Z |0%a(z)|* + Z 02c(z)[? | e2s¥sa(@to) gy
Q

|| <3 la|<2

—|—C'/ 8(,0%’1 |V Aal? + Z |0%al? + Z |0%c|? | 2V dadt
Qs

<2 la|<2

2
+ CZ/ Z (s0s.1(x,t0))?|0%u(z, to)|2e25¥o1 (@10) dy 4 O(s) B
=179

lor| <5

e2swa,1(w,to) dr

= C/ l Z |0;0; Oa(x)|? —|—S<P§,1(QC,L‘0) (|VAa|2 + Z |5§‘a|2>
Q

ig, k=1 laf<2
—|—C’/ Z |8§‘c|2e28w5*1(w7t°)dx+0/ 8(,0%’1 Z |0%c|2 eV dadt
@ al<2 @ la<2

2
+CY / D (sps(w,t0)) |05 ue(w, to)|?e? Vo1 (o) dgy 1 C(s) B2,
=17%

lee|<5
In the last inequality, we used
P31 (@, )€1 @D <2 (m,80)e? VB B0 (1) € Qs,

for large s > 0. As we have seen in the proof of Theorem 2.1, we may estimate the
third term on the right-hand side of (5.57).

/Q sl S |oePer e dudt = / 503 (m,t0) S |02c[2e V01 @0 (2) d,
5

la]<2 @ la|<2
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where

~ 1

to+9d
hs(x) = ) / S @%)16*28(1&5,1(‘"E7t0)*w5,1(1,t)) dt? T e Qi
o—

@g)l('xv tO

and h, converges uniformly to 0 in Q.
Taking sufficiently large s > 0 and absorbing the first term through the third
term on the right-hand side of (5.57) into the left-hand side, then we obtain

(5.58) /legz)g,l(a:,to) Z 10;0;0ka(x) > + (sps.1(z,t0))? |V Aa(x)?

i,5,k=1

+ (5(;051 Z, tO Z |80‘ |2 +8¢61 x, tO Z |80¢C|2 2s9s,1(x,t0) dz
la|<2 la|<2

=< CZ/ D (55,1 (x,10))? |05 we(w, to) [Pe**Vo1 (1) d 4 C (5) B?

|| <5

Fix s > 0. Then we obtain

lall s ) + llell z2 ) < Cllul:,to)llms @) + CB.

Thus we obtain the stability estimate (3.20). O
Proof of Theorem 3.9. We may obtain Theorem 3.9 in the same way as Theo-

rem 3.8. d
Appendix A.

LEMMA A.l. Letw € H™(0,T). Then there exists a constant C > 0 such that
107l 20,7y < CllO 2o, )

form—1< B <n (neN).

Proof. Let us consider the Caputo derivative defined as

B 1 bomu(r)
atﬁu(t) - I‘(n _ ﬁ) /O (t _ T)BJrlfn dr.

We note that 0 < n — 8 < 1. We have

1 t |OF ]
B2 T
Ol < w gy U = rypria 0T
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Hence,

T T t t n,, |2
B2 1 1 |8Tu|
[ vt s o || e ] | e o]

ATSUSHI KAWAMOTO AND MANABU MACHIDA

1 T yn—p ¢ |Omu)?

sy A [A @—ﬂmlndﬂdt
I |07 ul?

<

*F(n— n—ﬁ/ / t—75+1”d7—dt

1 s 107
- T n_ﬁ/ / MJnﬁw

B 1 "8 (T —T)"F
TTm-BEn-B)y  n—p il

1 T2(n—5) T
< "ul? dr.
< TR pE ), e

Therefore there exists a constant C > 0 such that

[1]

> Q =# >

A.

o < 00 » =

107 ull 20,7y < CllOF ]| 20,79 0
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