Chapter 3
Numerical linear algebra

Review of linear algebra

We consider the following system of linear equations which has n unknowns
XlyeooyXn.

anxy+apxy+-+aipx, = by

a1 Xy + axxy + -+ dawxy, = by

Ap1X1 + X2 + -+ -+ AppXy = by

We can write the system as

Ax =D,
where
ay ap - Ay X by
ax| ax -+ Ay X by
— s X = 5 b =
Apl A2 * Ann Xn by,

We note that the ith row of Ax = b is written as
n
Y aijxj = bi,
j=1

where j is the column index.
If A is invertible, we can obtain x by

x=A"p.

In Matlab, you can type x=A\b. The next theorem states when A is invertible.!
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Theorem 1. The following conditions are equivalent.

1. Ax =b has a unique solution for V/b.

2. A is invertible.

3. detA # 0.

4. Ax = 0 has the unique solution x = 0.

5. The columns of A are linearly independent.
6. The eigenvalues of A are nonzero.

Suppose A is invertible. Note that x = A~'b is not the best way to numerically
compute X. There are two types of methods for solving Ax = b: direct methods and
iterative methods.

Gaussian elimination with back substitution

Suppose A is an upper triangular matrix. In 3, we will consider other matrices. The
equation Ax = b is written as

ayxy+apxy+ - +apx, = b
anxy+ -+ ayxy, = by

AppnXn = bn

We can readily obtain x,,,x,_1,...,x; by back substitution:
by
Xpn = y
Apn
b1 — an—1.nXn
Xn—1 = ——————,
an—1,n—1
. by — (apxa + -+ aix,)
1= .

ary

This procedure can be implemented as follows.

1{[x(n)=b(n)/a(n,n)
2 for i=n—1:—1:1 % i: row index

3 tmp=b (i)
4 for j=i+l:n % j: column index
5 tmp=tmp—a(i,j)*xx(j)
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end
x(i)=tmp/a(i,i)
end

Operation counts (back substitution)

Let us consider how much work it takes to perform the back substitution. As a mea-
sure of work, we will use the number of arithmetic operations being performed.??

the number of divisions = n,
the number of multiplications = the number of additions
=142+4--+(n—-1)
1

1
= En(n 1)~ Enz for large n,

where we used

S=1424--4+{nm—-1),
28=[142+--+m-1D]+[n=1)+-+24+1]=n+n+---+n=n(n—1).
S:n(n—l).
2

Hence the leading order term in the operation count for back substitution is 7.

Elementary row operations

Elementary row operations consist of the following three operations.

e Interchanging two rows.
e Multiplying any row by a nonzero constant.
e Subtracting a multiple of one row from another row.

2 On ancient computers, multiplication and division were significantly more time-consuming than
addition and subtraction. Division was the slowest operation and we tend to write 0.5 instead of
1/2.0. On modern architectures, however, multiplication is no more expensive and division is not
twice as expensive as addition and subtraction. So, here we break from tradition and just count the
total number of arithmetic operations.

3 The word FLOPs (FLoating-point OPerations) is sometimes used. FLOPS stands for (FLoating-
point Operations Per Second).
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Gaussian elimination is to transform the augmented matrix (A b) into upper
triangular form by repeatedly applying the third elementary row operation.
Solutions to the system of equations Ax = b don’t change by elementary row
operations.

Example 1. Let us solve
2x1 — X2 =1,
—x1+2x— x3 =0, 3.1
—X2 +2x3 = 1.

We write the augmented matrix as

ar] dpp ais ; b] 2 —1 0 ; 1
a ap ayi ' by | = -1 2 —-110
asy asy asz : b3 0-1 2 : 1
By the operation (2nd row) — %(lst row), we get
ai an ans ; by 2 -1 0,1
0 an—myan az—myaiz + by—maby | =0 3 -1 1],
0 asy ass : b3 0 —1 2 : 1
where my; = ap)/aj; = —1/2. We refer to my; as a multiplier. Now we have
apl djp a3z ; b] 2 —1 0 ; 1
0ap az i by |=[0 3 111
0 aszp dsj : b3 0 —1 2 : 1

Then by the operation (3rd row) —m3,(2nd row), where the multiplier ms, = a3y /axn =
—1/3 = —2/3, we obtain

ai apn ais ; by 2 -1 0,1
0 ar a3 | by =10 % -1 %
0 as—maaxn az—mpaxy ' by —mapby 0 0 3'3
Finally we obtain the upper triangular matrix
apl adjp a3 ; b] 2 —1 0 ; 1
0 ary adzz | b2 = 0 % —11 % y
0 0 a3 ' bs 0 0 3'3
or the system
2)61 — X2 l7
= B= g, 3.2)
4, 4
3% = 3-
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In a general n X n case, reduction to the upper triangular form can be implemented
as follow.

for k=1:n—1 % k: step index
for i=k+1:n
m(i,k)=a(i,k)/a(k,k)

for j=k+1:n
a(i,j)=a(i,j)-m(i,k)xa(k,j)
end
b(i)=b(i)-m(i,k)*b(k)
end

Note that a(k,k) # 0 was assumed. This point will be discussed later.
The element a(k,k) in the kth step is called a pivot (these are the diagonal ele-
ments in the last step). In the previous example, the pivots are 2, 3/2,4/3.

Operation counts (Gaussian elimination)

The leading order term comes from line 5 of the above code.
k=1=2(n—1)?
k=2=2(n—2)?
n—1 ) 1
—=2-) k"=2-—(n—1)n(2n—1),
Y =2 = n2a=1)

k=n—-2=—2.22
k=n—1=—2-12

where we used Y7, k2 = Ln(n+ 1)(2n+1 , which can be derived using n® = n® —
k=1 6 g

(n—1)3+(n—1)3+---—23+23 — 13+ 13. Hence the operation count for Gaussian
elimination is %nS.

Pivoting

Here we consider cases where one of the pivots is zero.

Partial pivoting

Consider the reduced matrix at the beginning of step k:
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ay -+ agg - a o by
N
|
|
g -+ Agn | by
. I
: o
Ank Ann ! by

If ag = 0, find index / such that |aj;| = max{|a;|;k < i < n}, then interchange row
[ and row k, and proceed with the elimination.

If A is invertible, then Gaussian elimination with partial pivoting does not break
down.*

In practice, pivoting is often applied even when the pivot is nonzero.

Example 2. The exact solutions of the following problem are x| = x = 1.
I1+e—-1
xl = =

(e 1 1+8>_+<8 1 ;1+£) . € ’
1 1 S _1
11 2 U e I Sl _ E_
Since 1/ is large, by taking the effect of roundoff error into account, we can write
e 1,1
B R §
€ £

Thus, an inaccurate solution is obtained. Now we apply pivoting.

11, 2 11,2 xp =1,
‘>
el! I+e 01"l x=1.

In this case, the computed solutions are accurate.

—_

1-1
Xj=—— =0,

Vector and matrix norms

To do error analysis, it is convenient to introduce the size of a vector and the size of
a matrix.

Definition 1. A vector norm is a function ||x|| satisfying the following properties.

4 Math 571
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1. [|x]| >0, and ||x]| =0 < x=0.
2. [|ox|| = |af [[x]|, aeC.
3. [x+yll < lIx] +lyll-

We can think of different norms.

1/p
n
1[I, = (Z lxz'l”> 1<p<oo, Xl =max{[x;[ii=1,...,n}.

i=1
n n

Il =Y il Il =Y =],
i=1 i=1

Example 3. If x = <;> , then

For example,

Ixll2 = V5, [Ix]l = 2.

Definition 2. The matrix norm of a matrix A is given by

14 = max 12X
= max :
xA0[|x]
We can regard x as input and Ax as output. Then the ratio ||Ax||/||x]|| (the ampli-

fication factor) shows how much the input gets large. The matrix norm satisfies the
following properties.

1. |A|| >0, and A =0 < A=0.

2. |laA| = ol )|All, o€C.
3. |A+B| < ||A[| +[|B]].

4. |lAx|| < [lA] [x]I.

5. |AB|| < [|A][|B]]-

The second half of the first property is proved as
|Al =0 < ||Ax||=0forallx#0 < Ax=0forallx#0 < A=0.
The last property can be proved as follows.

[ABx|| < [[A[[[|Bx]| < [[A[[|B] <]l .. [AB]| < [All[B]|

Theorem 2 (Maximum absolute row sum).

4]l = max ) |aij]-
J
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Proof.
n n n
JAX || = max |} ajjx;| <max ) [a;j||x;] < max |x;| max Y |a]
b= b=l / b=l
n
= [|x[|emax Y [ai;].
1 j=1
Hence .,
=1

Define y ([|yl|. = 1) by

1, if a;; >0,
yi= .
-1, if ajj < 0.
We have
n n n
|AY]lo = max | Y aijy;| = max ) |aij| = [|y]lmax Y |ajjl.
1 j:l 1 j:l 1 j:1
Hence n
l|A]]o Zmlg{xz |aij|. (3.4)
j=1

Equations (3.3) and (3.4) yields
n
|A]]e = max Z |aijl.
j=1

O

Example 4. Let us consider A = (3 4). According to the above theorem, we

1 0
obtain
[|Al]e = max{|3]+[—4], [1|+[0[} =7.

Let us try a few x’s.

AX||o
2(o)=() = We=i=
()3 - e

— AX||oo 1
(1)=(71) = RE=rer

AX|leo 7

A()=(1) = RE-1-r
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We also have

Al = maxz laij| (maximum absolute column sum),
I

4]l = \/max eigenvalue of A*A,

where A" is the conjugate transpose of A.

Error analysis

We consider Ax = b. Let x and X denote the exact solution and an approximate
solution. The error e = x — X is usually unknown. The residual r = b — AX can be
computed.

Example 5. Even if ||r| is small, there is no guarantee that ||e|| is small. Consider

1.01 0.99 2 I
A<0.991.01>’ b<2) = X<1>

Suppose we get an approximate solution X; = ( }8} ) . We obtain
- —0.01
e =x—%X = (0'01) = |le;]| =0.01,

. (2 202\ [ —0.02 B
b= (2)-(22) < (02) & jei-on

. L 2 .
Next let us suppose we get an approximate solution X, = (O) . We obtain

- —1
62:X—X2:< 1) = ||€§2H:17

- 2 2.02 —0.02
l‘2=b—AX2: (2)_(198) = ( 002) = ||1‘2H:002

We want to know how large ||e|| can be.

Theorem 3. el
e

o < K(A)
]|

el
[Ibl|”

where k(A) = ||A|| ||A~"|| is the condition number.
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Proof. We have
bl = [lAx[| < [lAl[[Ix]] = [xI[ = [Ibl]|/[|A]l
Note that
Ae=A(x—X)=Ax—AX=b—AX=r = Ae=r.

Hence,
e=A"'r = e[ =[A" | < [|A7"[|Ir[l

Finally we obtain

~1 ~1
lell A= (el _ [AJ A= (el _ oy Il

<l S Tel/lAl = el @l

If we write AX = b, then

Ib—b]|
b

[Ix — |

< x(A)

[l

If we write AX = b, then

—% A—A
lx—%|| < k(A) | I
[[A]

Hence k(A) controls the change in x due to changes in A and b.

Example 6. The exact solutions of the following problem are x; = x, = 1. Since 1/¢
is large, by taking the effect of roundoff error into account, we have

<£1;1+8>_><8 1, 1) x; =0,
L1 2 o-11-1 X =1
We obtain

€1 1 1 -1 1
A= AT = —— w(A) =2 ——— .2~ 4,
(1 1)’ s—l(—l e) = =2

However, Gaussian elimination reduces the system to upper triangular form.

(e 1 RS A
U—( —;)’ v —_1(0 e

Thus x(U) > k(A).
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Now by pivoting we obtain

L1y 2 (112
g1 1+e 011

In this case, we have
(11 1 (1 -1 A
U(Ol)’ U (0 1) = Ko(U) =4~ Ko(A).

A small change in A or b (for example, due to roundoff error) can produce a
large change in the computed solution. That is, Gaussian elimination is unstable
for solving Ax = b. However, since pivoting preserves the condition number of the
original matrix A, Gaussian elimination with pivoting is stable (in most cases).

LU factorization

LU factorization or LU decomposition is a matrix form of Gaussian elimination. L
is a lower triangular matrix and U is an upper triangular matrix. Let us consider the
LU factorization of an n X n matrix A. For simplicity we assume n = 3:

ap) apz a3
A= | az ax ax
az| az a3

Step 1: Operate a lower triangular matrix.

E;
1 00 app app a3 apl a2 ai3
/ /
—mp; 10 ay apap | =| 0 apay |,
/ /
—m31 01 asy az asz 0 a3, a3;

where mpp = a21/a11 and ms3; = a31/a11.

Step 2: Operate another lower triangular matrix.

E U
[P NS —_————
1 0 0 ay apz a3 ay app a3

/ / _ / /
0 1 0 0 a,22 a,23 =1 0 a a/2/3 ;
0—ms3 1 0 a3, ay 0 0 ax

/ /
where m3y = ab, /d),.

Step 3: Rearrange matrices.
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EBEEA=U = A=E'E;'U.

We have
L
—_—N—
1 00 1 00 1 00
EN'Ey'=(my10]) 0 1 0)=|my 10
I’H3101 OI’H321 ms3i M32]
Therefore,
A=LU.
Example 7.
A L U
2—-1 0 1 00 2—-1 0
-1 2-1|=(-% 10]f0 3-1
0-1 2 0-31/\0 0 %

We can solve Ax = b as follows.

Step 1  Factor A = LU (the operation count is %n3).

Step2  Solve Ly = b by forward substitution (the operation count is 1%).
Step3  Solve Ux =y by back substitution (the operation count is n?).

(The operation count of finding A~! by Gauss-Jordan elimination ~ 8n3/3.)

Example 8. Consider Ax = b, where

2—-1 0 1
A= -1 2-11], b=10
0—-1 2 1
We have
1 00 1 1
Ly=b = | -3 10]y=(0] = y= % ,
2
0-51 1 3
and
2 —1 1 1
Ux=y = 0 %— X = % = x=|1
0 0 3 1

N— T R - O

1
Indeed, the exact solution is X = ( 1
1



3 Numerical linear algebra 13

Sometimes we want to solve Ax =b; (i =1,2,...), i.e., for a given matrix A and
a sequence of vectors b. Once the LU factorization of A is known, we can apply
forward and back substitution to the sequence of b;. We only need to do the LU
factorization once in the beginning.

LU factorization and partial pivoting

Sometimes we need to interchange rows. In such a case, we construct PA = LU,
where P is a permutation matrix. Then,

Ax=b = PAx=Pb = LUx=PFb.
If pivoting is required in more than one step, we proceed as
EPBEIPA=U = E2E1P2P1A =U = PA=LU,

where P= PP, L =E'E;"', and E| is the matrix such that »E| = E| P;.
Example 9. Consider

0 4-15 —12
10 0 15 |x=1{ 100
1 -1 -1 0

We want to interchange rows 1 and 2. We define

010
P=(100
001
We have
L U
10 0 15 1 0 O 10 0 15
PA = 0 4-15) = 0 1 0 04 —15
1 -1 —1 0.1 —0.251 00 —6.25
We obtain
1 0 O 100 100
Ly=Pb = 0 1 0)ly=| —12 = y=|-12 ],
0.1 —0.251 0 —13

10 0 15 100 6.88
Ux=y = 04 —15 x= | —12 = x=| 4280
00 —6.25 -13 2.08
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Two-point boundary value problem

This section corresponds to §8.1 of the textbook.

Consider the temperature y(x,#) in a material. It obeys the heat equation
dy %y )
= —k=5 =r(x
dt ox? ’

where k is the thermal diffusivity and r(x) is the internal source. Let us suppose
the temperature is in steady state and set k = 1 for simplicity. Let us find y(x) on
0 < x < 1. We assume the boundary values are known. We have

-y =r(x), x€(0,1),

y=a, x =0,
y=, x=1.
. ) 1
We use finite-difference scheme. Choose n > 1 and set the mesh size h = ——.

) n+1
Set mesh points

x;=1ih fori=0,1,...,n+1 (x0=0, x,01 =1).
We write y; = y(x;) and r; = r(x;). For each x;, the exact solution is y(x;). Recall

_ ikl )i

Yi —Yi-1
h ’ '

h

D+ l - D—yl =

We have (HW 1 Prob. 7(a))

Yi—Yi-1 | (yit1—yi Yi—Yi-1
Doy = (M5 ) = 1| (2) - (M)
+ i + h h h y

Yit1 —2yi+yi-1
=~

<

Using Taylor series about x;, we obtain

h? " o B
Vi1 = y(xi+h) =yi+hY§+EY7+ 3,y://+ 4|y,< +5 517 W o),
h? h n* h
Vier =y —h) =yi—hyi+ 53 =i+ 4,yf - 5 W+ oms).
Therefore,
2y + vi_ h?
D+D_l_y’+1—y’+y’1: ”(x)+ <)+0(h4)

h? 12
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That is, the approximation is second-order accurate (HW1 Prob. 7(b)).
Let w; denote a numerical solution (w; = y;). We set wg = o and wy, 1| = 3. We
can implement —y” = r(x) as (finite-difference equations)

Wit =2Wi+Wi-1\ 1
_ 5 =ri, i=1,...,n

Thus we have the following matrix-vector equation.

A w r
2 -1 wi r+ s
-1 2-1 wo r
» CT
—1 2—1 ]| way T
-1 2 W rn+f—2

LU factorization for a tridiagonal system (Thomas algorithm)
Let us consider in general how we can implement LU factorization for tridiagonal
matrices:

bl C1 1 up Ccq
ar b2 (&) lz 1 uz C

T Cp—1 T T Cp—1
a, b, L, 1 Uy,

For n = 3, we can write

byc O 100 uycp 0 uj cl 0
ay bz [65) = lz 10 0 uy ¢ = lzul 126‘1 “+uy [6)
0 a3 bs 051 0 0 us 0 luy e +us

In this case we can determine ;, u;, c¢; as follows.

b1:u1 :>I/l1:b1,
az = huy =>h=a/u,
by = hey+uy = up = by — by,
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In general we can proceed as follows.

by =u = u; = by,

ag = lyuy :>lk:ak/uk_1, k:2,...,l’l,

b = lxcr 1 +ux = uy = by — e 1, k=2,...,n. 3.5)
Numerical solutions

We can compute w as follows.
Step 1: Find L, U by (3.5).
Step 2: Solve Lz =r.

1 =T,
bz tzw=rn = z=ri—hz, k=2;...,n

Step 3: Solve Uw = z.

UnWn = Zn = Wy :Zn/una

WeWk + CeWiar1 = 2k = Wi = (2, — CiWir1) /U k=n—1,n-2,...,2,1.

Note that the operation count for the above algorithm is O(n) whereas solving Ax =
b in general requires O(n*). If vectors are used instead of full matrices, the required
memory is also O(n).

Example 10. Let us solve the following two-point boundary value problem.

—y" =25sin(nx), 0<x<1, y0)=0, y(1)=1.
The solution is y(x) = % sin(7rx) +x but we seek numerical solutions. We may write
the following codes. Numerical results are shown in Fig. 3.1. Error analysis is done
in the table below. Note that the error decreases by ~ % if i decreases by half. Thus

|ly — w|| = O(h?) and the method is second order accurate.

Y% —y’'’'=r, y(0)=alpha, y(l)=beta
clear ; clf;

alpha=0;

beta=1;

n=3;

h=1/(n+1);

x_exact=0:0.0025:1;
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y_exact=25/pi"2xsin(pix*x_exact)+x_exact;
for i=1:n
x(1i)=1ix*h;
y(i1)=25/pi" 2% sin (pi*xx(i))+x(i);
a(i)=—1/h"2;
b(i)=2/h"2;
c(i)=—1/h"2;
r(i)=25xsin(pi*xx(i));
end
r(l)=r(l)+alpha/h"2;
r(n)=r(n)+beta/h"2;
w=LU _factorization(a,b,c,r);
% output
table (1)=h;
table (2)=norm(y—w, inf );
table (3)=norm(y—w, inf )/h;
table (4)=norm(y—w, inf )/h"2;
table (5)=norm(y—w, inf )/h"3;
table
xplot=[0 x 1];
wplot=[alpha w beta];
plot(x_exact,y_exact,xplot,wplot, ’g—’,xplot,wplot, ro’)
axis ([0 1 0 4])
title (sprintf(’n=%d, _h=1/%d’ ,n,n+1),  FontSize’ ,24)
set (gca,  FontSize’ ,24)

function w = LU _factorization(a,b,c,r)

n=length (r);

u(l)=b(1);

for k=2:n
I(k)=a(k)/u(k—1);
u(k)=b(k)—1(k)xc(k—1);

end

z()=r(1);

for k=2:n
z(k)=r(k)—1(k)*xz(k—1);

end

w(n)=z(n)/u(n);

for k=n—1:—1:1
w(k)=(z(k)—c(k)*w(k+1))/u(k);

end
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n=1, h=1/2 n=3, h=1/4

4 : 4 ‘

3 3 -

2 2

1 1

GO 0.5 1 GO 0.5 1
n=7, h=1/8 n=15, h=1/16

4 4

3 3

2 2

1 1

GO 0.5 1 G0 0.5 1

Fig. 3.1 Numerical solutions to —y” = 25sin(zx), 0 <x < 1,y(0) =0, y(1) = 1. The exact solution
is plotted as a solid curve.

I |y =Wl | ly=wlleo/h | [y =Wle/B* | |ly = W]/
0.5000 | 0.5920 11839 23679 47358
0.2500 | 0.1343 0.5373 2.1492 8.5968
0.1250 | 0.0328 0.2624 2.0995 16.7960
0.0625 | 0.0082 0.1305 2.0874 33.3977

Iterative methods

We will solve Ax = b by iterative methods. We rewrite the equation to an equivalent
linear system.
Ax=b & x=Bx+c.

Then for given x(, we compute X;,Xp, ... by fixed-point iteration:
Xp+1 = Bxy +c.

We choose the iteration matrix B so that the sequence converges (limy_,co Xx = X).
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Jacobi method
Consider A with nonzero diagonal elements (a; # 0, i = 1,...,n). We write A as
A=L+D+ U, where
0 all O alz ......
a»; 0O ann 0
L= , D= , U=
apl = o ann—1 0 Ann
We write the system as
Ax=b <& (L+D+U)x=b
< Dx=—(L+U)x+b
& x=-D'(L+U)x+D'b.
Thus the iteration matrix is By = —D~! (L +U). In this case, the following iteration
is more convenient.
Dx 1 = —(L+U)x;+b.
In component form we have
(k1) SN R~
ajix; =— Z aijx; —Za,-jxj + b; (iZl,Z,...,I’l).
j=itl j=1

Example 11. Let us consider the following system of equations.

2)61 — Xy = 17
—Xx1+2x = 1.

The exact solution is x; = x, = 1. We have

t=(%0) 2=(33) v=(07):

Therefore,

2x§k+l) = xgk) +1,

26D _ 0y )
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where k =0,1,2,.... Let the initial guess be x(lo) = xgo) =0.

Numerical solutions converge to the exact solution as k — oo.

Let us consider
€ =X — X,

which is the error at step k. In the above example, we have

1 1 1
leolle =1, letllo = 5 llealle = 7o+ Negstll = 3 el

Theorem 4. Consider a fixed-point iteration Xy, = BXy + ¢ to solve a linear
system AX =b. Then
€c+1 = Bey,

for all k > 0. Furthermore, if | B|| < 1, then x; — x as k — oo for any xq.

Proof. The first half is proved as
€1 =X —Xip = (Bx+¢)— (Bxp+¢) = B(x—x;) = Bey.
To prove the second half, let us consider
lecsi]l = [|Bexl| < [|B] llexll = lIBI [|Bex—i[| < [IBI[[| B} lex—1 |

Thus we obtain
lexs 1]l < 1B [leoll,

which goes to zero as k — oo. a

Example 12. In the previous example, we had the matrix

- (27).
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The theorem implies that the Jacobi method converges and the proof shows that
|lex|| decreases by a factor of at least 1/2 in each step.

Gauss-Seidel method

We write the system as

Ax=Db (L+D+U)x=b
(L+

=
& D)x=—-Ux+Db

& x=—(L+D)'Ux+(L+D)"'b.
Bgs

Thus the iteration matrix is = —(L+D)~'U.In this case, the following iteration

iS more convenient.
(L+D)Xk+1 =-Uxy; +b.

Note that we can rewrite the above relation as
Dxj 1 = —Ux; — LxXy1 +b.
In component form we have
(k+1) . ® ) .
aiix; :_‘Zlaijxj —Zlaijxj +b; (i=1,2,...,n).
j=it j=

Example 13. Let us consider the following system of equations again.

2X1 — Xy = 17
—x1+2x =1.
We have

2D —
2x§k+1) _ x5k+1) 1,

where k =0,1,2,.... Let the initial guess be x(lo) = xgo) =0.

The Gauss-Seidel converges faster than the Jacobi. In the above example, we
have

1 1 1 1
°°:]> o = 5 0 = o 3l = SR 0 = co-
feollo = 1. et = 5. ealle = 5. sl = .-, el = £ el
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| (k) | (k)

k X Xy

0 0 0

1 172 3/4
2 7/8 15/16
3 | 31/32 | 63/64

Example 14. In the previous example, we obtain

_ 1/20\/0-1 01l 1
BGS:_(L+D) lU:_Z (02) (0 O>:(0§> = ||BGSH°°:§<1'

The theorem implies that the Gauss-Seidel converges, but we see that ||e;|| decreases
by a factor of 1/4 < ||Bgs|| in each step.

Spectral radius

Definition 3. If Av = Av with a vector v # 0 and a scalar A, then A is an eigenvalue
of A and v is a corresponding eigenvector.

Definition 4. We call f4(A) = det(A — A1) the characteristic polynomial of A.

Theorem 5. A scalar A is an eigenvalue of A if and only if A is a solution to the
characteristic equation:
det(A—AI)=0.

Proof.

A is an eigenvalue There exists v # 0 such that Av = Av

&
< v=0is not the unique solution to (A —AI)v =10
< (A—AI) is not invertible

< det(A—AI)=0.

O
Theorem 6. IfA is upper triangular, then the eigenvalues are the diagonal elements.

Proof.
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fa(A) = det(A — AI)
an—A ap - anp
0 an—A- any
6 a,m'—l
ap—A - ay
— (- 2) =
0 pn — A
= (ann—A)(ap—A)--(am—A)=0.
Therefore, A = a; (i =1,2,...,n). O

Example 15. In the previous example, we considered

o4l
e (21)
7
By solving,
det(Bas— A —=| 2 2 |=a(a-Y) =0
etoes o 1ZalT 4) ="

we obtain A =0 = A; and A = 1/4 = A,. The corresponding eigenvectors are ob-

tained as
v = ! vy = 2
1=\g) 2=,/
Let us analyze the error.

R ORONORS

e; = Bgseg = Bgs(v2 — Vi) = Lava — A1vy
2 2
€ = BGSe1 = AQVQ—AI \41

€ = /'\QkVZ 7ﬂ,lkvl = ZQkVQ.

1 k
e = (3) el

This is why we had [leg: 1]l = *lexlle (1] < [1Bosle el = 3 e is cor-
rect but not a very sharp estimate).

Therefore,
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Definition 5. The spectral radius p(A) is defined by

p(A) =max{|A[; A is an eigenvalue of A} .

Theorem 7. We have
lexr1ll ~ p(B)llexll,

as k — oo,

Proof. Suppose A, > A,_1 > --- > A;. The initial vector e is given as ey = ¢, v, +
Cn—1Vy—1 +---+cyvy with constants ¢,,,¢,_1,...,c;. Hence,

.1k . k k L a2k
e = Culy Vot Cnot Ay Va1 + -+ CIA VI ~ A Vi,

_ k41 k+1 k+1 k+1
epl = Cnly Vot A Va1 ATV~ ey T vy,

as k — oo, Therefore we have e, ~ A,€;. This proves the theorem. O

We note that the theorem means

lim ||ek+1H _ (B)
2 e

Thus the spectral radius p(B) of the iteration matrix determines the convergence
rate of an iterative method.

1

Example 16. Recall we had By = (? 6) for the matrix A = ( 21 _21> In this
i —

1
case, p(By) = 5= 1By |[oo-

SOR

We can accelerate the convergence of the Gauss-Seidel method by writing

1

1
A=L+D+U=L+—D+ (1 —>D+U,
w w

where @ > 1 is a relaxation parameter. We have

Ax=b <& <L+1D>x= [(1—1)D—U]x+b
[0) 0]

< (oL+D)x=[(l—w)D— oU]x+ wb
& x=(oL+D) '[(1-0)D—oU]x+o(oL+D) 'b.
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Thus,

(0L+D)x441 = [(1— @)D — oU] x4 + wb
= (D+0)L)Xk+1 :DXk—(l)[(D+U)Xk—b].

We can rewrite the above relation as follows.
Dxj+1 = Dx;+ © [—LXk+1 = (D =F U)Xk - b] .

In component form we have

(1) _ (B CRR SUNCN <S8}
aiix; =aiix;  +0 | —aix; — Z ajjx;” — Z aijx; + b; (i =1,2,... ,n).
Jj=i+1 j=1

This method is called the SOR (successive over-relaxation) method. When @ = 1,
the SOR method reduces to the Gauss-Seidel method. The iteration matrix is given
by

Bsor = By = (0L+D) "' [(1 - ®)D — 0U]

The selection of the parameter  is crucial.

Theorem 8 (Young (1950)). If p(By) < 1, then 0 < ® < 2. Assume A is symmetric,
block tridiagonal, and positive definite. Then

2
a)*:—
1++/1—-p(By)?

is the optimal SOR parameter and we have

pP(Be,) = min p(By)=0.—1<p(Bgs) <p(By) <1.
0<w<2

Note that a symmetric matrix A is said to be positive definite if x - Ax is positive

for all nonzero x. A symmetric matrix A is positive definite if and only if all of its

eigenvalues are positive.

2 -1 12
-1 2 21
is positive definite and the matrix A, is indefinite (not positive definite). Let us
consider A;.

o X1 2 —1 X1 (X 2x1 — X2
ean=(0)-(472) ()= () ()

-2 (x%+x%) —2x1x0 = X2+ x5+ (x1 —x2)2 > 0.

Example 17. Consider matrices A; = and Ay = . The matrix A

Hence A is positive definite. The eigenvalues of A| are 1 and 3. Next consider A;.
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_(x 12 X1\ _ (X X1+ 2x
e (1)-(1) () - () (372%)
= x} 23 +dxx.

Ifx= (é), thenx%+x%+4x1xz =1.Ifx= _11

Thus A, is indefinite. The eigenvalues of A, are —1 and 3.

, then x% —|—x§ +4x1xp = —2.

Example 18. Let us consider the following system of equations once again.

{ 2x1 —xp =1,
—Xx14+2x =1.
The exact solution is x; = x, = 1 and we have
1

L= (—01 8)’ b= (3(2)) v= <8 _01)’ Bo = (;wl(:oa)) }wﬂ—a()uﬂ
We obtain

RIS (—2x§") +a 4 1) 7
2 =2l o () -2 1))

where k =0,1,2,.... We obtain

=1.0718.

2 2 4
“’**HW*HW*H\@

2

Let the initial guess be x(lo) = xgo) = 0. Numerical results are obtained as We see that

kLo e | lleell/ e
0|0 0 1

1| 0.5359 | 0.8231 0.4641 0.4641
2

3

0.9385 | 0.9798 | 0.0615 0.1325
0.9936 | 0.9980 | 0.0064 0.1047

A= 187 1, el = 0, and [lecl/ lex-1]| — p(Bo.) = &. — 1 = 0.0718. The

optimal SOR converges faster than the Gauss-Seidel method.

Two-dimensional boundary value problems

This section corresponds to §9.1 of the textbook.

).
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Consider a square metal plate. The plate is heated by internal sources and the
edges are held at a given temperature. Let us find the temperature ¢ (x,y) inside
the plate. We denote the plate (the plate domain) by D = {(x,y); 0 < x,y < 1}. Let
f(x,y) and g(x,y) be heat sources and the boundary temperature, respectively. Then
@ (x,y) satisfies the following Poisson equation.

92 02
_A¢:—V2¢:—<ax(§+a;2b>:f7 (xvy)6D7

o =g, (x,y) € dD.

Here A is called the Laplace operator or Laplacian. In the boundary condition,
boundary values are specified. This type of boundary condition is called the Dirich-
let boundary condition (cf, the Neumann boundary condition specifies the derivative
of ¢).

We can use the finite-difference scheme. We set the mesh size and mesh points

as
1

h=——,
n+1
Let w;; be a numerically obtained ¢ (x;,y;). The finite-difference equations are writ-
ten as

(xi7yj):(ih7jh)’ i)j:0717""n+1'

— (DD wij+ D\ D wij) = fi

o (Wi Z Wi Wieny | Wi = 2w Wi ) £
h? h? -

1

= 2

(4wij = Wis1,j = Win1j = Wijs1 — Wij-1) = fij.

Attention is needed near the boundary (i = 1,n, j = 1,n). For example when (i, j) =
(1,1), the finite-difference equation is written as

1
ﬁ(4W11 —Wwa1 —wo1 —Wi2 —Wwio) = fl1

1
R (4wt —wa1 —wi2) = fi1 + n (go1+g10) -

Thus we have the following matrix-vector equation.

Aw =Tf.

Here
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T —I . St + 75 (go1 +€10)
1 ~I T I Wi fia+ m8m
A:ﬁ ;o ow=| wy |, f= : :
e g Wi j+1 f,’j
—I T :

where T is an n X n tridiagonal symmetric matrix whose diagonal elements are 4
and off-diagonal elements are —1. The matrix A is an n® x n”> block-tridiagonal
symmetric matrix. The matrix A is positive definite.

Example 19. For n = 3, we obtain

Aw=f <
4-1 -1 | Wi f11+h%(g01+810)
1 4-1 -1 Wio f12+h%goz
—1 4 —1, Wi3 fi3+ 77 (803 + 814)
e :4—1 :—1 wal fa1+ 52820
B -1 -1 4-1 -1 wy | = | f
SNt Ul S (R S B X ot 284
-1 ;41 W31 f31+h%(830+g41)
: —1 —1 4 -1 w32 f32+h%g42

1! _
b b4/ \ws fr+ 55 (834 + 803)

Example 20. Suppose there is no internal heat source and the metal plate is heated
only on one side. Let us calculate the temperature distribution ¢. The equation for
¢ is written as

Oxx + @y =0, (x,y) € (0,1) x (0,1),
¢(x’ 1) =1,
¢(x70) = (P(O,y) = ¢(17y) =0.

We consider the Jacobi method:

n i—1
k+1 k k
a,-ixl( = _ Z aijxi. ) Zaijxﬁ- )+bi.
j=i+1 j=1
Let us write {w},; =wpq (p,g=1,2,...,n) and
{Atij=aij=apgpqy,  i=nlp=1)+q j=n(p'=1)+4.

Then the iteration for the p,g-th equation is written as
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(k+1)

Apg:pgWpg =
(k) (k) (k) (k)

- (apq;p-,q+lwp,q+1 T apgp+1.9Wpitg) — \pap—14Wp 14T pgpg—1Wp g1 | T Jrq

(k+1) (k)

& awp M =wl el e Wl R g,

p+lg p—lg pg—1

where
I, g=1,

W fry =
Jra {O, otherwise.

The results are shown in Fig. 3.2. In the calculation the zero vector was chosen
for the initial guess. The main part of the code is written as follows. As the stopping
criterion, to1=10e—4 was used’

1 || while ratio>tol

2 k=k+1;

3 for i=2:n+l1

4 for j=2:n+1

5 res(i,j)=4xw(i,j)—w(i+l,j)—w(i—1,j)—w(i,j+)—w(i,j—1))/(h"2);
6 end

7 end

8 rn (k)=norm(res ,’ fro’);

9 ratio=rn(k)/rn(1);

10 for i=2:n+l1

11 for j=2:n+1

12 w_old(i,j)=(w(i+1,j)+w(i—1,j)+w(i,j+D)+w(i,j—1))/4;
13 end

14 end

15 w=w_old ;

16 || end

The number of iterations k required for different methods is summarized as fol-
lows.

h | k | p(By)

Jacobi 1/4 26 | 0.7071
1/8 96 | 0.9239
1/16 | 334 | 0.9808

h | k | p(Bcs)

) 1/4 15 | 0.5000
Gauss-Seidel 1/8 51 | 0.8536
1/16 | 172 | 0.9619

Let us consider what happens if Gaussian elimination is used instead of iterative
methods. In the above example A is a band matrix, i.e., a;; = 0 for |i— j| > m, where

5 Note that 10e-4 and 1e-3 are the same.
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h | k | p(Bo,)

. 74 [ 9 [ 0.1716
optimal SOR 18 | 18 | 0.4465
1716 | 34 | 0.6735

m is the bandwidth (m = 3 in the example). As the elimination proceeds, zeros in-
side the band can become nonzero, but zeros outside the band are preserved. Hence
we can adjust the limits on the loops to reduce the operation count for Gaussian
elimination from O(n?) to O(nm?). See the matrix A below.

4-1 0—-1 0 0 O O O

-1 4—-1 -1 0 0 0 O
0—-1 4 x x—1 0 0 O

1 -1 %= x 4—-1 x—1 0 O
) 0-1 -1 4—-1 -1 0O

0 0—-1 *x—-1 4 x x-—1
0 0 0—-1 % *x 4-—1 =«
0 00 0-1 -1 4-1
0O 0 00 0-1 x-—1 4

Since zeros inside the band are replaced by nonzero values, more memory needs
to be allocated than is required for the original matrix A. This is a disadvantage
in comparison with iterative methods such as the Jacobi, Gauss-Seidel, and SOR,
which preserve the sparsity of A.

We note that A is an n*> x n> matrix and the size quickly grows as the mesh size
h=1/(n+ 1) decreases. The operation counts for solving Aw = f are summarized
as follows.

A~! or general Gaussian elimination: O ((n?)*) = 0(n%),
banded Gaussian elimination: O(n*m?) = O(n*),

Jacobi and Gauss-Seidel: O(n?) x [O(n?) iterations] = O(n*),
SOR: O(n?) x [O(n) iterations] = O(n?).
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Fig. 3.2 Numerical solutions to ¢ + ¢y, = 0, ¢(x,1) = 1, ¢(x,0) = ¢(0,y) = ¢(1,y) = 0. The

Jacobi method is used.



