MATH 471 SECTION 002
MIDTERM

October 25, 2013, Instructor: Manabu Machida

Name:

To receive full credit you must show all your work.

One side of a US letter size paper (8.5 x 11") with notes is OK.

You can use the back side of a paper if you need. Indicate where your calculation jumps.
NO CALCULATOR, SMARTPHONE, BOOKS, or OTHER NOTES.

Problem | Points | Score

1 10
2 10
3 10
4 10

TOTAL | 40




1 1
Problem 1. (10 points) We consider two matrices A; = 09 and Ay = ( 09 )

1 8 9 8
Letb:(m)andx:(ajl )
9 )

(a) Solve A;x = b with the Gauss-Seidel method by rewriting the problem as (L + D)x =
—Ux + b. Take two steps and find xgk),xgk) (k = 1,2) starting from initial guess

x§°> = xéo) = 0.

(b) The matrix As can be written as Ay = 10 109 . Solve A;x = b by
09 1 0 -—-0.1

using forward substitution and back substitution.

(c) Which is larger koo (A1) or koo (Ag)? (Hint: the condition number x(A) = || Al [|A7Y).

Solution (a)
{ 102 = —92{" 1 10,

8x§k+1) _ _xngrl) L9
We obtain
1 ]_0 1 1 1
xg)zﬁzl, :L‘g):§<9—x§)>—l
and
9 1 1 1 9 1 9 89

(b) We have A = LU, where

1 0 10 9
L = = .
(0.9 1>’ v ( 0 —O.l)

The equation Ly = b is solved by forward substitution as
y1 = 10, Yo = 0.

Finally the equation Ux =y is solved by back substitution as
1 =1, T9 = 0.

(c) Note that

1 8 —9 -8 9
-1 _ = -1 _
4 _71(—1 10)’ Az ( 9 —10)'

17 323
Roo(Ar) =19 =2 = T2 = 4540, hao(A2) = 1910 = 361
Thus ks (As) is larger than ke (As).

Therefore,



(continued)



Problem 2. (10 points)

(a) Convert (10.25)10 to base 2.
(b) Convert (11.01), to base 10.

Solution (a) (1010.01)s, (b) 3.25.



Problem 3. (10 points) Consider f(z) = 2* — 7, which has one positive root 7. Compute
an approximation to r by Newton’s method with the initial guess o = 3. What is the first
step solution z?

Solution




1 —10 1 1 1 —10
Problem 4. (10 points) Consider 0 )= +10 .
11 2 2

(a) Find x1, 22 by Gaussian elimination (without pivoting).

(b) Suppose we solve the problem by Gaussian elimination in part (a) with a computer which
has 8 significant digits (for example, 0.123456789 x 10? is rounded to 0.12345679 x 103).
What solution would the computer return?

(¢) Improve the algorithm in part (b). That is, find x1, 2z by Gaussian elimination with
partial pivoting. Still use 8 significant digits. Show intermediate steps.

Solution (a)

10719 11410710 N 10710 1
1 1 2 0 1—10%

1410710
1—10% |-

Therefore,
Ilzl, l’zzl.
(b)
10710 11410710 B 10710 111
11 2 N 1 1|2
10710 1 1 - 1010 1 1
0 1—10"2—-10% | 0 —10"%| —100 J°
Thus,
ZE1:0, ZIZ2:1.
(c)
10710 11410710
1 1 2
1 1 2 1 112
_> g
10710 11410710 10710 111
1 1
_>
0 111
Hence,



(continued)



