MATH 454 SECTION 002
Quiz 8

April 2, 2014, Instructor: Manabu Machida

Name:

e To receive full credit you must show all your work.
e You can use the back side of a paper if you need. Indicate where your calculation jumps.
e NO CALCULATOR, SMARTPHONE, BOOKS, or OTHER NOTES.




Find the solution of the heat equation u; = K'V?u in the infinite cylinder 0 < p < ppax
satisfying the boundary condition u(pmax, ¢,t) = 0 and the initial condition u(p,,0) =
P2 ax—p*. [Hint: The Laplacian in polar coordinates is given by A = 9,,+(1/p)9,+(1/p?)0py
You can use the facts that ®"(¢) + u®(p) = 0, &(—7n) = &(n), ¢ (—7m) = D'(7) is
solved as ®(p) = Acosmp + Bsinmep, u = m?, m = 0,1,2,---. We note that a,m, bmn
satisfy 1 — 22 = Zm 0o T (22T) (@ COSTMP + by sinme), 0 < z < 1, when

aon = 8/ [a;g°>3J1( )} (Jo(z) = 0), apn = bopp = 0 (m > 1). ]

Solution [8] We will solve

1 1
Uy = K (upp + ;up + Fucpcp) ) 0 S P < Pmax; t> Oa
U<p, 907t) = 07 P = Pmax; t> 0,
U‘(p’ 9070) = pr2nax - p27 0< P < Pmax-

We look for separated solutions of the form [2] u(p, p,t) = R(p)P(¢)T(t) (the form v = RT
is also fine because we can assume that v is independent of ¢ from the initial and boundary
conditions). By introducing separation constants as —A = T"/(KT) and —pu = ®”/®, we
obtain

() + ub(p) = 0, B(—m) = B(x), F(—m) = ()
R(p)+ L1 (p) + (A - pﬂ) R(p) =0, Rpmm) = 0.
T'(t) + AKT(t) = 0.

The equation for ® is solved as ®(p) = Acosme + Bsinmp, up = m?, m = 0,1,2,---
We obtain T(t) = e *X*. From the second equation we obtain [2] R(p) = J,(pv/)). Since
R(pmax) = 0, we obtain [2] VA = z{m / Pmax Where Jm(xgm)) =0, 2™ > 0. Hence the general
solution is obtained as

p7 gp, Z Z J <pxn ) (Amn COS m(p + an Sin mgp) ef(xgzm)/pmax)QKt.

pmax

m=0 n=1

To satisfy the condition, A,,,, By, must satisfy

1— 22

Z Z I ( xx A cosm + By, sinmep)

lomaxm =0 n=1

where x =

. Since Ag, = 802,/ [ 0%, (m%o))}, Apin = By = 0 (m > 1), we obtain [2]

max

o0

1 e (©)
1) = 80w D o (pz )6_(x"°/pmax>2m,

n=1 T Jl Pmax




