MATH 454 SECTION 002
Quiz 8

March 28, 2014, Instructor: Manabu Machida

Name:

e To receive full credit you must show all your work.
e You can use the back side of a paper if you need. Indicate where your calculation jumps.
e NO CALCULATOR, SMARTPHONE, BOOKS, or OTHER NOTES.




Find the solution of the vibrating (circular) membrane problem (i.e., the edges are
fixed) in the case where u(p, »,0) = 0 and ui(p,»,0) = 1, 0 < p < a. [Hint: The wave
equation is written as uy = c*Au, where the Laplacian in polar coordinates is given by
A =9,,+(1/p)0,+(1/p*)D,p. You can use the facts that (o) +ud(p) =0, ®(—7n) = D(n),
P'(—7) = @'(7) is solved as ®(p) = Acosmp+ Bsinmep, p=m? m=0,1,2,---. Also note
that T"(t) + A\*T'(t) = 0, T(0) = 0 is solved as T(t) = sin <ct\/X>. Finally we note

(m

o o epl™ (M) .
that Ay, B satisfy 1 = Y7 (> " “o—J, <%) (Apmn cosmy + By, sinmg) when

Ao = 2 [0, (o] e () = 0). Auw = Bua =0 (m > 1). |

Solution [8]

1 1
uy = AV = (upp+—up+—2uw), 0<p<a, t>0,
P P
u(p,,t) =0, p=a, t>0,
u<107<1070):07 Ut(ﬂa@ao)zl, O§p<(l

We look for separated solutions of the form [2] u(p, p,t) = R(p)P(¢)T'(t) (the form u = RT
is also fine because we can assume that v is independent of ¢ from the initial and boundary
conditions). By —\ = (1/¢*)T"/T and —p = ®”/®, we obtain

() + u®(p) =0, O(=m) =O(r), ¥(-7) =P (m),

/! 1 / _ J—
Ry + 2R+ (A= 5) R =0, Rl =0,

T"(t) + \*T(t) =0, T(0) = 0.
The equation for ® is solved as ®(p) = Acosmep + Bsinmy, p=m? m=0,1,2,---. The

equation for 7T is solved as T'(t) = sin (ctﬁ). From the second equation we obtain |[2]

R(p) = Jm(pv/A). Since R(a) = 0, we obtain [2] VA = z" /a where J,,,(x ™y =0, 2™ > 0.
The general solution is obtained as
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u(p, p,t) E E Im (px ) (Apn cosmy + By, sinme) sin ar

a
m=0 n=1

To satisfy the condition ut(p, ©,0) =1, Ay, By must satisfy

(m)
L= Z Z cxn (px” ) (Amn cosmy + an sin mgp) .

m=0 n=1
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Since Ay, = (2a/c) [x%O)QJl(xq(lo))] (Jo (1‘7(10)> =0), Apn = By = 0 (m > 1), we obtain [2]
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