MATH 454 SECTION 002
Quiz 7

March 14, 2014, Instructor: Manabu Machida

Name:

e To receive full credit you must show all your work.
e You can use the back side of a paper if you need. Indicate where your calculation jumps.
e NO CALCULATOR, SMARTPHONE, BOOKS, or OTHER NOTES.




Solve the initial-value problem for the heat equation u; = KV?u in the column

0 <z < L, 0 <y < Ly with the boundary conditions w(0,y,t) = 0, u.(L1,y,t) = 0,

u(z,0,t) = 0, uy(z, Lo, t) = 0 and the initial condition u(z,y,0) = 1. [Hint: You can start

with the general solution below without deriving it. If we write u(z,y,t) = ¢1(x)d2(y)T(1),
o " "

3 3 — (z)l — 2 R
we can introduce separation constants as 7 = —AK, o = THL oo = —he, where

A = g1 + pe. You can use the facts that ¢” + u¢p = 0, ¢(0) = ¢'(L) = 0 is solved
as ¢(z) = ¢™(z) = sin((m — 3)ma/L), u = um = ((m— )7r/L)2 (m = 1,2,...).
They satisfy fOL ¢ (z)dx = L/[(m — L] and fo [t ( } = L The general
solution is written as u(z,y,t) = 320 %0 Boao!™ (2)65" (y)e _AmnKt, where A\, =

((m = Dm/Ly)° + ((n = Y)w/Lo)% ]

%%

Solution [8] Let us write u(z,y,t) = ¢, (z)és(y)T(t). We obtain ¢; = ¢\™ = sin L%l

neyn :
(m=1,2,...), o = gz52 = sin % (n=1,2,...),and T(t) = e ! The general solution
1s written as

)z

l‘ ya Zzan¢1 ( ) _AmnKt7

m=1 n=1

where A, = ((m — l)7T/L1)2 + ((n— l)7T/LQ)2. By the initial condition we have [2]
1= 30 S Bt (@) w).
m/=1n'=1
We multiply ¢§’”) () g") (y) on both sides and integrate both sides over z,y [2]:

Lo pLi Ly pLy ©
/0 / o ()98 (y)dedy = / / 3 3 Bt )6 ()0 ()6 (g dady.

m/'=1n'=1

m Ll L2
LHS = dy/ o (z 7
T (m=-Dr(n-
B2 ) Ly Ly
= 3 55 [ s e ais [ oo iy - B2
0

m/'=1n'=1

where we used fo () ()™ (2)da = 0 (m # m) and f0L2 O ()5 (y)dy = 0 (' # n)
from the Sturm—Llouvﬂle theory [2]. Finally we obtain [2]

u(z, y,1) 4 Z sin[(m — 5)(mx/Ly)] sin[(n — 5)(7ry/L2)]€_/\mnKt'

2 m—1 1

m,n=1 2 n—3



