Chapter 2
PDE:s in rectangular coordinates

The heat equation !

Let us consider the rate q(x,) of heat flow at x = (x,y,z). This q is called the heat
flux (the heat current density)”. Fourier’s law of heat conduction states that

q= —kVu,

where k is the thermal conductivity of the material® and u(x,?) is the temperature
measured at the point x at the time ¢.

Definition 1. Consider a bounded domain R with boundary dR. A unit vector n(x)
(x € dR) is called the unit outward normal vector or the outer unit normal vector if
the vector is orthogonal to the tangent vector at x € dR (i.e., n is perpendicular to
the boundary dR) and is pointing outward.

Suppose heat is generated by internal sources at rate s(x,). Consider the heat Q
that enters region R within the time interval (¢,7 4 Ar).

0= (/aRqondSJr/deV>At,

where n is the unit outward normal vector. This Q raises the temperature by u,At:
Q = / CthdVAt,
R

where c is the heat capacity per unit mass and p is the mass density of the material*.
Therefore, we obtain

/cpu,dV:—/ q~ndS+/st.
R dR R
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Note that by divergence theorem?

/ q-ndS:/V~qu,
dR R

and the Laplacian A = V2 = 92 + 8y2 + 92. We thus obtain the continuity equation,
which describes the conservation of energy:

d(cpu)
ot

+V.q=s.

We introduce the thermal diffusivity K = k/cp and define r(x,7) = s(x,t)/cp.

We obtain the heat equation as

u; = KAu—+r. 2.1)

Equation (2.1) is also called the diffusion equation. Consider diffusion of the density
u of milk dropped in coffee. Let q be the flux of the milk. With the continuity
equation % +V.q=0and Fick’s law q = —DVu, where D is the diffusion constant.

We obtain® u, = DAu.

Steady state

If u is independent of ¢ (u;, = 0), then Au = —r/K becomes Poisson’s equation.
Furthermore if s = 0, then the heat equation becomes Au = 0, which is Laplace’s
equation.

Example 1. Let us find the steady-state solution of the heat equation u, = KV?u in
the slab 0 < z < L with the boundary conditions u(x,y,0) = T and u(x,y,L) = T».

The steady-state solution satisfies V2u = 0. We can write u(x, y,z) = U(z). Hence,
the general solution is obtained as U = A 4- Bz with constants A, B. We obtain A =T}
and B = (T, — T1) /L. Finally, we obtain

z Z
—T (1_7) 2.
u(x) 1 7 + 2L

5 For example, Math 255.
6 In general the diffusion coefficient D depends on x and u; = V - (D(x)Vu).
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Homogeneous boundary conditions on a slab ’

There are three ways to impose boundary conditions.

Dirichlet boundary condition: The temperature u on the boundary is given.
u=gx), x€dQ.

Neumann boundary condition: The heat flux q = —kVu across the bound-
ary is given.
n-Vu=g(x), x€dQ.
Robin boundary condition: ~ We take a linear combination of the above two

boundary conditions. Newton’s law of cooling n- Vu = h(T — u) (h > 0)
has this form.

a(x)u+b(x)n-Vu=g(x), x€dQ.

When g = 0, we say the boundary condition is homogeneous (the PDE might not be
homogeneous).

Let us consider homogeneous boundary conditions. In the case of a slab 0 < z <
L, the condition at x = 0 is expressed as

u(0,t)cosa — Lu;(0,¢)sina =0, 0<o<m. (2.2)

For a = 0, we have u(0,¢) = 0. For a = /2, we have u;(0,) = —n-Vu(0,t) =
0. For o # 0 we can rewrite (2.2) as u(0,7)ccotor — cLu;(0,¢) = 0, where ¢ is a
constant. By setting a(0) = ccot o, b(0) = cL, we have a(0)u(0,7) +b(0)n-Vu = 0.
Therefore by (2.2) we can express any boundary condition at x = 0. Thus we can
write the heat equation in the slab 0 < z < L as follows.

u, = Ku, O0<z<L, t>0,
ucos o — Lu,sino = 0, z=0, >0,
ucos P+ Lu,sinff =0, z=L, >0,

u=f(z), 0<z<L, t=0,

where f(z), 0 < z < L is a piecewise smooth function.
Let us solve the heat equation in a simple case of & = 8 = 0. The separated
solution is written as u(z,t) = ¢(z)T(¢). Thus we obtain

T/(1)+AKT(1) =0, ¢"(:)+29(z) = 0.

7 This section corresponds to §2.2 of the textbook.
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The boundary conditions are written as

We obtain
T(t)= e M1, [0] :Asin(\/zz) +Bcos(\/zz), A >0.

By plugging ¢ = Asin(v/Az) + Bcos(v/Az) into the boundary conditions, we find
that B = 0 and v/AL is an integer multiple of 7. Therefore we obtain

00 =0u() =sin(VA2), = ("T)" n=12.

where we set the arbitrary constant in ¢,(z) to be 1 (recall we will take a superposi-
tion). Thus the separated solutions are obtained as

u(z,t) = 0, (z)e K n=12,....

If no initial condition is given, the above separated solutions are the solutions
to the problem. Here, however, we have an initial condition.

Let us consider the initial condition. We express the solution as
M(Zat) = Z Cﬂ¢n(z)e_antv
n=1

where C,, are constants. Since f is piecewise smooth, we can write f(z) =Y By®n(2),
0 < z < L, with some coefficients B, (Fourier sine series). This implies that C, = B,,.
We obtain

u(zt) =Y Buu(z)e ™K' 0<z<L, t>0. (2.3)
n=1

Example 2. The heat equation u; = Ku, for0 <z < L,t >0 withu(0,7) =u(L,t) =0
and u(z,0) = 1 is solved as

- . nmwz 2
u(z,t) =Y Bysin T (nm/L)"Kt
n=1

where
21 (=1
oz n '

B, 2.4)

As is mentioned above, B, are coefficients of the Fourier sine series of f(z). We
can also compute B, as follows. First we note the following orthogonality relations.
Forn,m=1,2,..., we have
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L nmz . mnz
/0 0n(2) 0 (2)dz = / smT sin sz
L _
_ ! / [cos (n—m)mz —cos (n+m)zz dz,
2 Jo L L
— Lo (2.5)

2nm

Note that the interval for the integral is (0,L) instead of (—L,L). The next example
explains how B, are computed using these orthogonality relations.

Example 3. Let us consider f(z) =1, 0 < z < L. We write f(z) using unknown

constants B,, as
Z) = Z Bn‘Pn (Z)
n=1

By integrating both sides after multiplying ¢,(z), we obtain

/f )0z dz—/ ZBm¢m

The left-hand side is calculated as

nmz

LHS = /sm—dZ—;lcos L —(I—=(=D").

nmw L ’o nw

Using the orthogonality relations, the right-hand side is computed as
RHS = Z Bm/() ¢m(Z)¢n(Z)dZ = Z Bmisnm = EBw
m=1 m=1

Therefore we obtain (2.4).

Orthogonal functions 8

Definition 2 (Inner product). We extend dot product ¢ - ¢ and define inner product

(0.v) = [ ptwiax

Sometimes the inner product is defined as follows. We can have a weight function,
and the weighted inner product is given by

0.0 = [ 0wt

8 This section corresponds to §0.3 of the textbook.
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where p(x) > 0 is a weight function. For complex functions, we can write the com-
plex inner product as

.v) = [ otowias
Here V is the complex conjugate of ¥ (Y(x) = f(x) —ig(x) when y = f +ig).
Definition 3 (Orthogonal). Two functions @, y are said to be orthogonal on [a, D]
if (p,y) =0.
Example 4. The functions @(x) = sinx and y(x) = cosx are orthogonal on [0, 7].

Example 5. The set of functions sinx, sin2x,...,sin Nx is orthogonal on [0, 7].

Example 6. Which of the following pairs of functions are orthogonal on the interval
0<x<1?
@ =sin2mx, @2 =x, @3=cos2wx, @4=1.

(@1,93) =0, (@1,04) =0, (@2, 03) =0, (@3, ¢04) = 0. All others are nonzero. There-
fore the pairs (@1, 03), (@1, ¢4), (¢2,¢3), and (@3, @4) are orthogonal.

Definition 4 (Norm). As follows we define norm, which is the “length” of a func-

tion.
el =1lll2@p = V(9. 0).

We note that the norm is always nonnegative. The norm ||¢ — || is the distance
between two functions ¢ and y.

Definition 5 (Projection). Let (¢,...,@y) be a set of orthogonal functions
with ||@;|| # 0. Let f(x) be a function. Then é;¢; + --- + éy @y with & =
(f,0,)/|l¢i||* is the projection of f onto (¢@i,...,¢@y). ¢ is called the ith
Fourier coefficient of f.

Note that the minimum of ||f — (c; @1 +--- +cy@y)|| is achieved when ¢; = ¢;.

Example 7. Find the projection of f(x) = 1 onto (¢;,¢,) = (sinx,sin2x) on the

interval 0 <x < . By (f,¢1) =2, (f,¢2) =0, and ||¢1||* = ||¢2||* = %, we obtain
4

- Simx.

Definition 6 (Orthonormal). The functions (¢, ..., @y) are orthonormal if (¢;, ¢;) =
6;j. Here §;; is the Kronecker delta (8;; =0if i # jand = 1 if i = j).
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Sturm-Liouville eigenvalue problems °

We saw in (2.3) that the solution was given as a Fourier series with sine functions,

which are orthogonal to each other. Sometimes series with other functions appear.

In this section we will develop the general theory for such orthogonal functions.
Let us begin by

{ 9"(x)+249(x) =0, xe(0.L), (2.6)

¢(0) = ¢(L) =0.

The nontrivial solutions'® to (2.6) are obtained as ¢(x) = sin(v/Ax) with A =
(nm/L)*> (n=1,2,...). We call 2 and ¢ an eigenvalue and an eigenfuction of the
Sturm-Liouville eigenvalue problem!!.

In general an equation for ¢ is given on the interval (a,b) and boundary condi-
tions are given by

¢(a)cosa —Lo'(a)sina =0, ¢(b)cosP+Lo'(b)sinf =0, .7

where L =0 —a, and «, 3 € [0, 7) are some parameters. The most general form of
Sturm-Liouville problems is written as

[s(x)9' (D))" + [Ap(x) —q(x)]¢(x) =0, a<x<b, (2.8)

where p(x) > 0.

Theorem 1 (Orthogonality). Consider the Sturm-Liouville problem (2.8)
with the boundary conditions (2.7). Suppose that ¢;(x),$,(x) are nontrivial
solutions with different eigenvalues A\ # Ay. Then the eigenfunctions are or-
thogonal with respect to the weight function p(x), a < x < b:

[ 6190:p(@ax =0

If the two eigenfunctions belong to the same eigenvalue Ay = Ay, then the
eigenfunctions must be proportional:

$2(x) = C1 (x)

for some constant C.

9 This section corresponds to §1.6 of the textbook.

10 Obviously ¢(x) = 0 is a solution to (2.6). This solution is called the trivial solution. Other
solutions are called nontrivial solutions.

1 Using ¢"(x) & [¢ (x + Ax) — 2¢ (x) + ¢ (x — Ax)] /(Ax)?, we can write (2.6) as a matrix-vector
equation. Then A becomes an eigenvalue of a matrix and ¢ becomes an eigenvector.
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Theorem 2. Let ¢ (x) € C and s(x),p(x),q(x) € R in (2.8). Then A is a real
number.

Example 8 (Bessel functions). By setting s(x) = p(x) = x¢~1, g(x) = ux?=3, and
A =1 with a =0 and b = oo, we obtain

/
¢//+(d71)¢;+ (1,%)¢ =0,
x X
where d is the dimension and  is the angular index. In the case of =2 and y = m?,
the function ¢ (x) = J;,(x) is called the Bessel function'?. In the case of d = 3 and
w=k(k+1)(k=0,1,2,...), the function ¢ (x) = ji(x) is called the spherical Bessel

function '3..

Example 9 (Legendre polynomials). By setting s(x) = 1 —x2, p(x) = 1, g(x) =
m?/s(x),and A = k(k+1) (k=0,1,2,...) witha = —1 and b = 1, we obtain

(1—x*)" —2x¢" + (k(k—|— 1)— m’ ) ¢ =0.

1—x2

The function ¢ (x) = P"(x) is called the associated Legendre polynomial'*. When
m = 0, the function P, (x) is called the Legendre polynomial.

Example 10 (Hermite polynomials). By setting s(x) = p(x) = exp (—x2/2) ,q(x) =
0,A=n(mn=0,1,2,...) witha = —oo and b = o, we obtain

0" —x¢' +n¢p =0.

The function ¢ (x) = H,(x) is called the Hermite polynomial'3.
Proof (Theorem 1).
Let us begin with

[s()91 ()] +[p (x) —g()] 91(x) =0, [s(x)95(x)]' +[A2p (x) — g(x)] $2(x) = 0.

(2.9
We multiply the first equation by ¢, (x) and the second equation by ¢; (x), and inte-
grate them.

12 Bessel functions appear in §3.2 of the textbook.

13 spherical Bessel functions appear in §4.2 of the textbook.

14 Legendre polynomials and associated Legendre polynomials appear in §4.2 of the textbook.
15 Hermite polynomials appear in §5.2 of the textbook.
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b , b
[ 029 500t @) -+ [ 0p(0) Aap(a) — a(o)) o1 (x)x =
[0 004 [ 010) Ap0) a0} 2 =

By integration by parts, we obtain

o2 2 [ 65000t [ 0o(0) ap(o)  a(w)) o1 (e =
2 [ otosCosiwas+ [ 0100 (ap () ()] o2 e =

We subtract these equations. Noting that ¢ (x) and ¢, (x) satisfy (2.7), we have

[ L [91(x)s(x) 95 (x)]
= 5(b) [2(b) ] (b) — 61 (0)953(b)] — 5(a) [92(a)9] (a) — §1 (a)9}(a)]
s(b)[0] — s(a)[0] = 0. (2.10)

Therefore, we obtain

b
(=) [ 01(00a(x)p(x)dx = 0. @.11)

Since A; # A,, this integral must be zero.
Next, let us suppose A; = A; = A. We consider

v { @00 00w, it
05(a)or (x) — 9] (a)da(x), ifo=0.
This y(x) obeys (2.8). We have y(a) = 0. Also ¥'(a) = 0 by (2.7). Thus y(x) is

a solution to (2.8) with initial conditions y(a) = y/(a) = 0. We can conclude that
y(x) =0, a < x < b. Therefore,

$2(x) =Coi(x), C=

Proof (Theorem 2). Let us set 4] = A, ¢1(x) = ¢(x), & = A, and ¢ (x) = ¢(x) in
(2.9). Then instead of (2.11), we have

(-7 [ 160PpCod: =0

Therefore, A = A. The imaginary part of A is zero. O
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Remark 1. The first half of the proof of Theorem 1 holds if (2.10) is verified. Thus
the orthogonality in Theorems 1 can be extended to the case of periodic boundary
conditions ¢ (a) = ¢ (b), ¢'(a) = ¢'(b), s(a) = s(b), and the singular case of s(a) =
s(b) = 0. We can similarly extend Theorem 2.

Just like the usual Fourier series, we can express a function f(x) as

N
FO= A, =Y e, = e @.12)

Py "= ol

Theorem 3 (Convergence). Let f be a function such that |, f F(x)?p(x)dx <
oo, (i) We have

b b
/ fv(x)?p(x)dx — / f(x)%p(x)dx as N —oo.
(ii) Furthermore we assume f is piecewise smooth. Then
1
fN(x)—>§[f(x+0)+f(x—0)] on x€ (a,b) as N — oo,

(iii) If f € Cla,b] (continuous on [a, b)), [’ is piecewise continuous, and f sat-
isfies the boundary conditions of the Sturm-Liouville problem, then fy con-
verges uniformly on [a,b).

Remark 2. By the convergence (i), we could consider the mean square error and the
convergence rate of the Fourier sine and cosine series. The convergence (ii) was
seen in Figs. 1.1 and 1.2. Due to the convergence (iii), the Fourier cosine series in
Fig. 1.2 converged uniformly.

Remark 3. Theorem 3(ii) can be readily extended to the interval [a,b] by using f
which is the periodic extension of f.

Remark 4. In the series (2.12) we labeled nontrivial solutions ¢, usingn =1,2,....
But we can rename them as ¢p, ¢y, ... if it is more convenient.

Nonhomogeneous boundary conditions '

Let us consider the heat equation in the slab 0 < z < L:

16 This section corresponds to §2.3 of the textbook.
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uy = Kuz, +r(z),
u(0,7)cosa — Lu,(0,¢)sino = Ty,
u(L,t)cos f + Lu,(L,f)sinf3 =T,
u(z,0) = f(2),

11

t>0, 0<z<L,
t>0,

t>0,

0<z<L,

(2.13)

where f(z), 0 < z < L, is a piecewise smooth function, and K > 0 and «, 8 € [0, 7)
are constants. The equation is nonhomogeneous because there is an internal source
r(z). The boundary conditions are nonhomogeneous because 7; and T, are nonzero.

We can solve the problem as follows.

Step 1

We find the steady-state solution U (z), which obeys

KU"(2) +1(z) =

0, 0<z<L,

U(0)cosa — LU’ (0)sino = Ty,
U(L)cosB +LU'(L)sin = T».

Step 2

We rewrite the problem using v(z,7) = u(z,t) — U(z).

vy =Kv,

v(0,¢)cos ot — Lv,(0,¢) sina = 0,
v(L,t)cos B+ Lv,(L,t)sinf3 =0,
v(z,0) = f(2) = U(2),

t>0, 0<z<L,
t>0,

t>0,

0<z<L.

(2.14)

Thus v(z,t) satisfies a homogeneous equation with homogeneous boundary

conditions.

Step 3

We use separation of variables, v(z,#) = ¢(z)T (), and solve (2.14). Finally,

we obtain

u(z,t) = U(z) +v(z,1).

Step 3 can be done as follows. We obtain
0" +19=0, 0<z<L,

where ¢(z) satisfies the boundary conditions

T'+AKT =0, t>0,

0(0)cosax —Lo'(0)sina =0, ¢(L)cosB +L¢'(L)sinf = 0.
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Note that ¢ and A are an eigenfunction and an eigenvalue of the Sturm-Liouville
eigenproblem. In particular, we have [J* 0,(2)9n(z)dz = 0 (n # m). All v,(z,1) =
0.(z)e MK satisfy v, = Kv,, and the boundary conditions in (2.14). Since v, = Kv,.

is homogeneous (there is no source term r), any linear combination of v,(z,7) also
satisfies v, = Kv_; and the boundary conditions in (2.14). We write

v(z,0) = Y Angu(z)e K. (2.15)
n
At =0, by multiplying ¢,(z) and integrating over z, we obtain

L L
| ve00@d= [0 -UE)o @
0 0

Using the orthogonality relations for ¢,(z), the left-hand side becomes
L o L 5
/0 v(z,0)9,(2)dz = ZA”/ /0 O (2)On(2)dz = Anl|nl|”
nl

Thus the coefficients A, are determined by the initial condition as

_ @ - U0 2.16)
fo 0n(2)?dz

With A, in (2.16), v(z,7) in (2.15) satisfies (2.14) including the initial condition.
Finally, the solution is

A

u(z,t) =U(2) +iA,,¢n (z)e MKt (2.17)

Example 11. Let us solve the following heat equation in a slab.
u, = Ku, t>0, 0<z<L,
u(0,1) =T, t >0,
u(L,t) =Ts, t>0,
u(z,0) =1, 0<z<L.
Step 1: We will obtain U (z) which obeys
U'(z)=0, 0<z<L  U0)=T,, U(L)="T.

The coefficients of the general solution U(z) = A + Bz are determined by the bound-
ary conditions as A = Ty, B = (T» — T1)/L. Step 2: We then consider v(z,t) =
u(z,t) — U(z) which satisfies
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vw=Kv,, t>0, 0<z<L,

v(0,1) =v(L,t) =0, >0, v(z,0)=1-U(z), 0<z<L.
Step 3: By separation of variable we write v(z,¢) = ¢(z)T (¢). The function T'(¢) is
obtained as T() = e *X" with the separation constant A. The function ¢ (z) satisfies

the Sturm-Liouville problem: ¢” +1¢ = 0,0 < z < L, ¢(0) = ¢(L) = 0. Hence we
obtain

2
(p(z):sinnTnZ, A:(%), n=1,2,....

We can write v(z,t) as
- nmnz 2
)= A n — —(Ilﬂ/L) Kt'
v(z,1) ’;:1 nsin——e

The coefficients A, are determined by the initial condition as

h—-T

d T
ZAnsinn - -U(z)=1-T1 - z.
n=1

— =1
L
Using the orthogonality relations jOL sin(nmz/L)sin(mnz/L)dz = (L/2)8uy, and the
integrals [1*sin(nmz/L)dz=L(1—(—1)")/(nx) and [} zsin(nwz/L)dz = L*(—1)""" /(n7),
we find A,,. Finally we obtain

T, —
L

v LT - ()" (A-D) o 02 ke

t)=T;
M(Z,) 1+ n I

T 2
2+ —
nn:l

Example 12. Let us solve the following heat equation in a slab.

u; = Kuy, t>0, O0<z<L,
u(0,¢) = @, t>0,
u(L,t) =P, t>0,

u(z,0)=1, 0<z<L.

Step 1: We will obtain U (z) which obeys !
U'(z)=0, 0<z<L, U'0)=U'(L) = ®.

The general solution is obtained as U(z) = A + Bz. From the boundary conditions,
B = &. So far, A is an arbitrary constant. Step 2: We then consider v(z,t) = u(z,7) —
U (z) which satisfies

vi=Kv,, t>0, 0<z<L,
v.(0,¢) =v,(L,t) =0, >0, v(z,0)=1-U(z), 0<z<L.

17 In the case of uz(0,1) = @y, u (L,t) = Oy (@) # D2), the temperature won’t come to the steady
state. Indeed it is impossible to find A, B such that U = A 4 Bz satisfies these boundary conditions.
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Step 3: By separation of variable we write v(z,¢) = ¢(z)T (¢). The function T (¢) is
obtained as T () = e *X with the separation constant A. The function ¢ (z) satisfies
the Sturm-Liouville problem: ¢” +1¢ =0, 0 <z < L, ¢'(0) = ¢’(L) = 0. Hence

we obtain
nwy 2

¢(z):cosnTnZ, lz(T), n=0,1,2,....

We can write v(z,7) as
s NI _(az/L)2Kr
zt) =Y Aycos—e .
— L
n=0
The coefficients A, are determined by the initial condition as

- T
ZA,ZCOS% —1-U@x)=1-A- &z

According to the Sturm-Liouville theory we have - cos(nmz/L) cos(mnz/L)dz =0
(n # m). Also using the integrals [l cos(nmz/L)dz = L&, [y zcos(nnz/L)dz =
((=1)" = 1)L?/(n7)? (n # 0), [& cos?(nmz/L)dz = L2 (n # 0), we obtain

LD 1—(=1)"
Ag=1-A— — Ap=2LP———F—
0 2 ’ n (nﬂ)z

Finally we obtain

L ZLGZ) e —1 n7r
u(z,t) =1+ (Z— 2) p=) Z’l Lzef(””/L)zK
—

Uniqueness

If we plug (2.17) into (2.13), we find that (2.17) is a solution (this check is important
to avoid mistakes!). Now the question is if this u(z,7) is the unique solution.

Theorem 4 (Uniqueness). The heat equation below has a unique solution.

uy = Kuz, +r(z), t>0, 0<z<L,
u(0,7) =Ty, t>0,
u(L,t) =Tn, t>0,
u(z,0) = f(z), O0<z<L.
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Proof. Suppose that u; and u, are solutions. We set u = u; — up. Then we have
u = Kug;, u(0,¢) = u(L,t) = 0, and u(z,0) = 0. By multiplying « on both sides, we
have

1 1
u =Ku,,; = uu=Kuu, = Eatuz =K (283u2 —uf) .

By integrating both sides, we obtain

13 Ly 1 ok Ly L Ly
EtoudZZK 5 O ’0— Ouzdz :Kuuz|0—K0uzdz.
We introduce -

w(t) = 5/0 u(z,1)*dz.
We have .

w/(t):—K/O u,(z,1)%dz.

Thus we have
w(t) >0, w(t) <0.

The initial condition u(z,0) = 0 implies
w(0) =0.
Therefore w(¢) = 0 (¢ > 0). This then implies u; = uy (+ > 0,0 <z <L). O

Note that!® the boundary conditions were used only to show uu, 6 =0 in the
above proof. Hence the theorem can be extended to other boundary conditions such
as u;(0) = u,(L) =0.

18 We can also prove the uniqueness for the general boundary conditions u(0,7)cosa —
Lu;(0,¢)sinoc = T1 and u(L,t)cosf + Lu (L,t)sinf3 = T» with o, € (0,7). In this case
u=uy —uy satisfies u(0,r)% — 1y (0,1) = 0 and wu(L,)) %L 4 u (L,r) = 0. If a,B <
7. then cota,cotf > 0 and the above proof still holds because uuz|é = —#M(L)2 -
L2 (0)2 < 0. Otherwise we can calculate the second derivative w” (1) = JEddz + [) uuydz.
The second term is calculated as f(f‘uu,,dz = Kj(f‘ udiudz = K u&,uz\é - Kj&f‘uzduzdz =
K udru|b — K udpuls + K [Fu0udz = K [Fu udz = [Fuddz. Hence w'(1) = 2 [Fuldz >
0 and w(r) is convex. Since w(t) > 0, w”(t) > 0, we see that w(r) monotonically grows.

2
2 _ W([)]imh*,() w(t+h)—2v}1:§t)+w(t7h) o |:limh~>0 W(tJrh;);W(t)] <

alimy o { (Wit + 1) = 2w(0)? +w(1)*] — [w(t +h)* =2w(1)* +w(1)*]} = 0, where we used
w(t —h) <w(t) <w(t+h). Note that we have the equality only when w(r) = 0. On the other hand,

We can show that ww” — (w')

2
according to the definition of w(r) we obtain ww” — (w')? = 1 [Fu?dz-2 [ u?dz — <f0L uu,dz) >

0, where we used the Cauchy-Schwarz inequality. Therefore w(t)w” (t) — (w/(t))? = 0, which im-
plies w(z) = 0. That is, we have proved u = u; —uy = 0.
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Asymptotic behavior

We investigate the asymptotic behavior when ¢ — co.

We define the relaxation time T as

1 1
— = —Ilim - In|v(z,1)|.
T t—eo f

Since the above definition implies
v(z,t)=0 (e_’/f) ,

we see that u(z,7) (= U(z) +v(z,t)) comes to the steady state about at r = 7.
Let us consider the case of u(0,#) =0, u(L,7) = 0. We obtain

b3 T\ 2
va(z,1) = Ay sin %67(””/”2[(’, A = (nf) )

Let M be the maximum of A, (JA,| < M). We have

<Y Al
n=1

sin —

> . nmz _ 2
1) —U = A BR& —(nm/L)"Kt
lu(z,1) = U(2)| n§:1, nsin——e 1’

nwz ’ ’e—(mt/L)QKt

M —at
=1 _eeim =Me " (1+e “+e 2 +..)

~Me™™ ast— oo,

where a = ”Z—ZK Note that § = Y° | k" = k/(1 — k) because kS = Yoo k"t =
Yo, k" =8 — k. Therefore,

1 o1 _

= —hmfln‘Me ”’| =a.
T t—oo f

The relaxation time 7 is obtained as

oL L?
MK w2k
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Time-dependent sources and boundaries

Here we suppose that r, 77, 7> depend on time ¢. In the slab 0 < z < L we have

w=Ku+r(zt), >0, 0<z<L,
u(0,t)cos o — Lu;(0,t)sina =T1(r), >0, (2.18)
u(L,t)cos B + Lu;(L,t)sin B = Tr (1), t>0,

u(z,0) = f(z), 0<z<L,

where K > 0 and a, 8 € [0,7) are constants. We assume that r(z,1), f(z), T1(¢),
T»(t) are piecewise smooth functions.

Step 1

We fisrt solve the problem below.

zz(z t) 0, 0<z<L,
U(0,1)cos o — LU,(0,1) sina = Ti (1), t>0,
U(L,t)cos P + LU, (L,t)sinf = T (1), t>0.

Step 2
We define v(z,1) = u(z,t) — U(z,t). We also introduce
R(Z7t):r(zvt)_Ut(Z7t)7 F(Z):f(Z)—U(Z,O)

v = Kv + R(z,t), t>0, 0<z<lL,
v(0,)cos ot — Lv,(0,¢) sina = 0, t>0,
v(L,t)cos B +Lv,(L,t)sinf3 =0, t>0,
v(z,0) = F(z), 0<z<L.

(2.19)

Step 3

We solve (2.19) for v(z,7), and finally we obtain u(z,7) = U(z,t) +v(z,1).

The function U(z,¢) in Step 1 is obtained as
Ul(z,t) =A(t) + B(t)z.

The coefficients A, B are independent of z, and thus U satisfies U..(z,¢) = 0. Since
U also depends on ¢, the coefficients A, B are functions of 7 in general. They are
determined so that the two boundary conditions are satisfied. In matrix form, they



18 Math 454

(55 samp i) (360) - (20))

If det = L(cos ocsin 8 + sinoccos B + cos e cos ) # 0, we can find A, B uniquely. In

are written as

the Sturm-Liouville eigenvalue problem below, the right-hand side is (8) . Hence

for o, B with the condition det # 0, eigenvalues of the Sturm-Liouville problem are
all nonzero.
Let us consider Step 3. We consider the following Sturm-Liouville problem.

9"+2¢=0, 0<z<L,
¢(0)cosa —L¢'(0)sina =0, ¢(L)cosf +L¢o'(L)sinf =0.
Let A, and ¢, be eigenvalues and eigenfunctions of this Sturm-Liouville eigenprob-

lem. We express v, R, F with ¢, (recall the convergence theorem):

oo

mwziwmmm mmzzmmm@,n@=iamn

n=1

Note that v(z,7) written in this way automatically satisfies the boundary conditions
in (2.19). Here by using fOL 0, (2) 0 (2)dz = 0 (n #£ m), we obtain

_ fo @) —Uen]on@de . Jo[f(2) ~UR)]dn()dz
Iy 0n(2)%dz ' Jo on@)2dz

By substituting these expansions in (2.19), we obtain

R,

va(t) = =X Kv,(t) +Ry(t), t>0,
v (0) = F,.

We can solve this equation as (recall we can always solve first-order ODEs)
t
va(t) = Fpe MKt —|—/ Ry (s)e K= g,
0

Finally we obtain
u(z,1) = U(z,1) +v(z,1)

N t
=U(z,t) —1—2 [F,,e_l”K’ +/0 Ru(s)e K= ds| ¢, (2).

Example 13. Let us solve the following heat equation in a slab.
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u; = Ku, >0, 0<z<lL,

u(0,t) =0, t>0,

u(L,t) =t, t>0,

u(z,0) =0, 0<z<L.
Step 1: We will obtain U(z,¢) which obeys

Uy,(z,t) =0, 0<z<L, U(0,/)=0, U(L,t)=

The coefficients of the general solution U(z,) = A + Bz are determined by the
boundary conditions as A = 0, B =1t /L. Step 2: We then consider v(z,1) = u(z,t) —
U(z,t) and R(z,t) = —U,(z,t) = —z/L which satisfies

=Kv +R(z,t), t>0, 0<z<L,
( t)=v(L,t)=0, t>0, v(z,0) =0, 0<z<L.

Step 3: We solve the following Sturm-Liouville problem.
0" +29=0, 0<z<L,  ¢(0)=¢(L)=0.

We are familiar with this problem and obtain ¢,(z) = sin(nnz/L), A, = (n7/L)?
(n=1,2,...). We express v,R as

=Y vu()0u(z), R(z,1) =) Rugu(z).
n=1 n=1
Here we obtain

B fOL(z/L)d)n(z)dz_—Z/ nwz o 2(=1)"

- = iay
n f({‘ (Pn (Z)zdz L2 ZSIH =

L nmw
The coefficients v, (z) satisfy

V() = =X Kvy(t) + Ry, >0, v (0) = 0.

This equation is solved as

't
— / Rnefan(lfs)ds
0

2
7r

Finally we obtain

o 1176—7%10 nmz

; 72711{ s1nT.

u(z,t

P‘\R

Remark 5. In Example 12, we gave up solving the problem, u; = Ku,, (t > 0,0 <z <
L) with boundary conditions u,(0,¢) = @y, u,(L,t) = &, (¢ > 0) and initial condition
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u(z,0) = 1 (0 < z < L). We can also solve this problem by slightly modifying the
method which we developed for time-dependent boundaries.

The wave equation 2°

Let us consider electromagnetic fields in a linear, isotropic, homogeneous medium.
The fields E and H are governed by Maxwell’s equations:

V.E=0, V-H=0,

VxE=-H72  vxH=:2.
c ot

Here ¢ is the dielectric permittivity, i is the magnetic permeability, and c is the
speed of light in vacuum.
By using V x (V x A) = V(V-A) — VA, we obtain

C2 C2
0’E = —AE, J'H= —AH. (2.20)
eu el

If we focus on one component, for example, we have

’EV) 2 9?E(V)

S o o (2.21)

Equations (2.20) and (2.21) are called the wave equation.

19 With a constant C, we introduce U(z) as U.(z) =C (t > 0,0 < z < L), U'(0) = @, U'(L) = P».
Then U(z) = A+ Bz + (C/2)z> with B = &, C = (&, — ®;)/L. Here A is an arbitrary con-
stant. Then we can introduce v(z,7) as vy = Kv;; +R (t > 0, 0 <z < L), v,(0,¢) = v;(L,t) =0
(t >0), v(z,0) = F(z) (0 <z <L), where R = KC, F(z) = 1—U(z). We consider the Sturm-
Liouville problem, ¢” +21¢ =0, ¢'(0) = ¢'(L) = 0. We obtain ¢ = ¢, = cos(nnz/L), A =
Ay = (nm/L)* (n = 0,1,...). Let us expand v,R,F using ¢n: v(z,t) = Yoo ova(t)9n(z), R =
Yo o u(z), and F(z) = ¥ Fu¢n(z). Note that R, = CK 8,0, Fo = 1 —A — BL/2 —CL?/6, and
Fs1 = —(2/L) [E(Bz+C22/2)9.(2)dz = —2L[B((—1)" — 1) + CL(—1)"]/(n7)?, where we used
JEzcos(nmz/L)dz = L2((—1)" —1)/(nm)? and [ 22 cos(nmz/L)dz = 2L3(—1)"/(n7)?. Thus we
have vo(z,1) = Fo(z) + CKt, vu>1(z,1) = F(z)e X!, Finally we obtain u(z,1) = U(z) + v(z,1) =
L+ (2= L/2) @y + (2 = L2/3)(P2 — ®1)/(2L) +1(P2 — P )K/L+ 2L/m?) ¥ (1/n%)[ @1 —
(—1)"®,] cos(nmz/L)e "%/ LKt We see that the steady state is not achieved and the temperature
asymptotically behaves as u(z,t) ~t(®, — @)K /L as t — oo.

20 This section corresponds to §2.4 of the textbook.
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The vibrating string

Let us consider a segment of a string between s; = s and s, = s + As, where s
is the length from the left edge. The segment lies in the x-y plane between x and
x+ Ax. Let y(s,1) be the vertical position of the string at s. Let p(s) be the mass
density function, i.e., fabp(s)ds is the mass of the segment of the string in s € [a, ).
Newton’s equation of motion for the segment is written as

2
p (S)AS% = p(s)Asf(s,t)+ TrsinB, — Ty sin 6y, (2.22)

where T and T be the tension at s; and s, respectively, and f(s,z) = —g (g is the
gravitational acceleration). Since the string doesn’t move in the horizontal direction
along the x-axis, we have

Ticos 0y = T>cos ;. (2.23)

We consider small vibrations of a string. That is, we assume that 6y, 6, are small.
By Taylor series we approximate cos 8 and sin 0 as

0> 6% 6° ) 0> 6 o’
cos@:l—§+ﬂ—a—|—m21, sm6:6—§+§—ﬂ+m:9.

By (2.23) we have T} ~ T,. We set
=17 =T.

The slope at each edge of the segment is

0 2]
b4 =tan6; ~ 0; ~sin 0O, k4 =tan6, ~ 6, ~sin 6,.
dx ox

X x+Ax
Thus for |0] < 1, the equation of motion (2.22) becomes
PAsy; = pAsf + Tp [yx(x + Ax) — yu(x)] .

Noting that min(Ascos 0;,Ascos 0;) < Ax < max(Ascos 01,Ascos 8,), and As ~ Ax,
we have

To ye(x+ Ax) —y,
y”f+;y(x A))c y(x)'

Thus we obtain the wave equation:

9%y Ty 9%
Er) —f(xvf)+mw-
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The distance s along the segment is a function of x. Hence we used x in f,p (the
new function f(x,7), p(x) are equal to f(s(x),7),p(s(x)) in the original functions).

Example 14. Let ¢ be a positive constant and f(x), 0 < x < L, be a piecewise smooth
function. We consider the wave equation below.

Vi =y, >0, 0<x<L,
¥(0,1) =y(L,t) =0,

y(x,0) = f(x),

v (x,0) =0.

By separation of variables y(x,7) = ¢ (x)T (¢), we obtain

¢"+A0=0,  ¢(0)=¢(L)=0,

and
T"+ AT =0,  T'(0)=0.

We can solve these equations as ¢ (x) = @,(x), T(t) = T,(¢t),n=1,2,..., where

0n(x) = sin(\/2,x),  To(t) = cos(v/Anct), Ay = (E)Z

Thus the solution is written as

nmwct . nmwx
SIn —.
L L

y(x,t) = Z B, cos
n=1
The coefficients B, are determined by y(x,0) = f(x):

2 L
By= 7 [ 1000, (x)dx.

Alternatively we can also extend f(x) as an odd function fp(x) and consider
Yo | Bysin(nmx/L) = fo(x) onx € (—L,L). The we have

1 [t . n7x 2 L . nax 2 L . nax
Bn = zLLfO(X) S de- Z/O fO(X) s de- z/o f(.x) S Tds

Applications of multiple Fourier series >!

Double Fourier series appear if there are more than two variables.

21 This section corresponds to §2.5 of the textbook.
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Theorem 5 (Orthogonality relations). For m,n =1,2,---, we have
L Lt mpx . nmwy . m'mx . n'my LiL,
in —— sin —= si i dxdy = ——= 8, Oy -
/0 /0 sin L sin I sin L sin I, xdy 4 Omnt O

Proof. Recall (see (2.5))

sin I sin de = —Oun.

/L nwx . mux L
0 2

Example 15. Consider small transverse vibrations u(x,y,t) of a membrane.

uy = A +uyy), 0<x<L;, 0<y<Ly >0,
u=>0, x=0, x=L;, y=0, y=L, t>0,
u(x,y,0) =0, u(x,y0) =1, O<x<L;, O0<y<lL,.

We assume the following form
u(x,y,1) = 91 (x)$2(y)T (¢).

We obtain 7" /T = > [(¢] /¢1) + (95 /¢2)]. By introducing separation constants A,
W1, and U, we obtain

T"+2PT =0, ¢ +mo1 =0, ¢+ ¢, =0,
where T /T = —Ac?, ¢{' /¢1 = — i1, and ¢5 /¢ = — 1. Note that
A=+ .

There are many cases: A >0, =0, <0, u; >0, u; =0, u; <0, up >0, up =0,
and (1, < 0. Let us consider the boundary conditions. For ¢ (x), we have

[+ =0, ¢:1(0)=9(L1)=0.

Nontrivial solutions are possible only when p; > 0. We obtain

2
¢1(x):sinmL—7fx, M_(mﬂ:)’ m=1,2,....
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Because A > 0 (A = u; + ), T(¢) is obtained as

T(t)=Acos (\/Xct) + Bsin (\/Xct) .
(u(x,y,0) = 0 implies 7'(0) = 0 and we can easily obtain A = 0, but let’s keep both

terms here, so that we can see how A and B are determined in general.) The general
solution is thus given by

. MAX . NT ,
u(x,y,t) = Z Z sin 77 sin (Ayn cos(@put ) + By sin( @ynt))
2

mm 2 nmw 2
Wpp = € Tl + E .

Now we consider the initial conditions; u(x,y,0) = 0 implies A, = 0, and 1 (x,y,0) =
1 implies

where

O e . mmX . nwy
1= Z Zanwmnsm L sin Tz

Using orthogonality relations,

L Ly mmx | nm
/ / sin — sin —ydxdy
o Jo Ly

L Lt mmx | nmy m'nx | n'my
:./ / SIHT]SI — Z Z ! Oyt SIN 7 % dxdy

Ly Ly nmw max . 0w
= Z Z By @ty / sin 2% sin " i ydxdy
L1 L> L L>

LiL>
5mm/ 5nn/ = B Oy 4

m'=1n'=1

= i iBm’n/wm’n/Lle

m'=1n'=1

We obtain

ool S
L14L2 nI;;r (1 —cos(mm)) ’I; (1 —cos(nm))
A =DM = (=D
s mn




