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Winter 2014 Math 454

Problem Set 10 (3/28, 3/31, 4/2, 4/4, 4/7)
Due on Fri, Apr 4

Find the Fourier transform of f(x), where f(z) =1 for —2 <z < 2 and f(x) =
otherwise.

. . _ sin2
Solution: f(u) = =k

Find the Fourier transform of f(x), where f(z) = e *"/2.
Solution: f(u) = #6_“2/2.

Find the Fourier transform of f(z), where f(z) = e~(*=27%/2,
Solution: f(u) = \/%6_2“‘6_”2/2.

Find the Fourier transform of f(z) = 1/[1 + (z — 3)?].

Solution: f(u) = Je eIk,

Consider the following initial-value problem for a diffusion equation with the
absorption coefficient a (> 0):

U = Kug, — au t>0, —c0o <z <00,
u=f(z)=e" t=0, —00 <z < 0o0.

Find wu(z,t) using the Fourier transform. (Hint: You can directly use the Fourier
transform. Also you can use the transformation u(x,t) = e~ *w(x,t) then use the
Fourier transform. Either method is fine.)

22 —at
4Kt+ exp[ 4Kt+1]

Solution: u(z,t) = e
Consider the initial-value problem
U = Ky, t>0,x>0,
uz(0,t) =0 t >0,
u(x,o>:f<x>={1 pErsth
0 x> L.

Find u(z,t) using the method of images. (Hint: Define fg(z) = f(z) (z > 0),
f(=z) (z <0). Then derive u(z,t) = [~ ﬁe (@=y)*/AKE £ (1)) dy.)

Solution: wu(z,t) \/W f {exp [ 4Kt) } T exp [ (:v;gt) ]}dy.

Consider the wave equation

Uy = Uy t>0, —oc0 < x < 00,
u= fi(x) t=0, —oco << o0,
up = fo(x) t=0, —00o < x < 00.

Derive d’Alembert’s formula
Solution: u(z,t) = 4 [fi(z +ct) + fi(z — ct)] + & f“cit faly
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8) Use d’Alembert’s formula to solve the wave equation wu; = c?u,, with initial

conditions u(z,0) = 0 and us(x,0) = 4 cos bx.
Solution: u(z,t) = (4/5c¢) cos bz sin 5ct.

Find the solution of the wave equation uy = c*u,, for t > 0 and x > 0 satisfying

the boundary conditions u(0,¢) = 0 and the initial conditions u(z,0) = 0 and

ue(z,0) = g(x).
Solution: Since u(x,t) = 0, we extend the function g(z) as

9(x) x>0,
go(z) =<0 x =0,
—g(—x) x < 0.

Then we use d’Alemberts’ formula for

Uy = gy t>0, —oc0 <z <00,
u(z,0) =0 —00 < T < 00,
ut(z,0) = go(z) —00 < & < 00.

We obtain u(z,t) = & fCter g(y)dy for 0 < z < ct and u(z,t) =

2c Jcet—x

x > ct.
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