Winter 2014 Math 454

More Solutions for Final

To prepare for the exam, read your notes (and lecture notes on the web site) in addition
to the textbook. Go over homework problems and quizzes. I wrote a few more solutions

to homework problem sets.

Below are some additional problems from the textbook.

Exercise 2.2.2
Exercise 2.2.3
Exercise 3.1.13
Exercise 3.1.14
Exercise 3.3.8
Exercise 3.3.9
Exercise 4.2.13
Exercise 4.2.14
Exercise 5.1.15
Exercise 5.1.16
Exercise 5.2.6.6
Exercise 8.1.1
Exercise 8.4.1



Homework Set 7, Problem 8 Find the solution u(p, ) of Laplace’s equation in the
cylindrical region 1 < p < 2 satisfying the boundary conditions u(1,¢) = 0, u(2,¢) = 0 for
—1<p<0and u(2,¢)=1for0<p<m.

Solution We solve

1 1
2 _
\Y% u-upp%—;up%—?uw—().
Assuming a solution of the form u(p, p) = R(p)®(p), we obtain
R/l 1 R/ 1 @//

0.
R i p R + 2 ¢
By using the separation constant A = —®” /&, we have
"+ AD =0, P(—7)=d(n), P(—7)=P(m),
1 A
R'+-R - ZSR=0.
pp

We obtain & as
®(p) = A, cosmp + Bpsinme, A=m? m=0,1,2,....

When m = 0, two linearly independent solutions to R” + (1/p)R’ = 0 are 1,In p. For m # 0,
two solutions are found as R(p) = p™, p~™. Therefore the general solution is obtained as

u(p, @) = A0+Bolnp+2p (A, cosme + By, sinmy) +Zp (Cy cosmep + Dy, sinmep),

m=1 m=1

where Ay, By, A, B, C, D, are constants.
The boundary condition u(1, ) = 0 is expressed as

A0+Z mr oS’ + By sinm’p) +Z ' cos ' + Dy sinm/@) = 0.

m/=1 m/=1
By operating ffﬂ dy cosmp and f:r dy sin my, and using orthogonality relations, we obtain
Ay=0, C,=-4A, D,=—-Bp,.
That is,

u(p, ) = Bolnp + Z )(A,, cosme + By, sinmy).
The boundary condition for u(2, 90) is expressed as

0(p) = Boln2 + Z "= 27 (A cosm'p + By sinm/g),

m/=1



where 0(p) = 0 for ¢ < 0 and = 1 for ¢ > 0. By operating fjﬂ dy cosmep and using

orthogonality relations, we obtain for m = 0,1,2,.. .,

/ cosmpdp = / By In 2 cos mpdyp + Z (2m — 2™ / (A, cosm/ + By sinm/p) cos mpdp
0

—T m/=1 —T

= 27T6mOBO In2 + 7T(1 — 5m0>(2m - 2_m)Am.
Since the left-hand side is 7d,,,g, we obtain
B 1
~ 2In2’

Similarly by operating f_ﬁﬂ dy sinmp and using orthogonality relations, we obtain for
m=1,2,...,

By A, =0.

/ sin mpdp = / By In 2 sin mpdyp + Z (2™ — 27 / (A, cosm/ + B,y sinm/) sin mpdp
0

—T —T

m/=1
=7(2™ —27™)B,,.
Since the left-hand side is [1 — (—1)™]/m, we obtain
1 Y m
B, = (=1) .
mm(2m —2-m)

Finally we obtain

np 1gpm—p ™ ll—(—l)m
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Homework Set 8, Problem 3 Find the solution of the vibrating membrane problem in
the case where u(p, ¢,0) = 0 and u(p, p,0) = a* — p*, 0 < p < a.

Solution We will solve

uy = 2 Au, t>0, 0<p<a,
u =0, t>0, p=a,

u =0, t=0, 0<p<a,
ut:aQ—p2, t=0, 0<p<a,

where A =9, + (1/p)d, + (1/p%)0pes-
Let us write u as u(p, p,t) = R(p)®(¢)T'(t). We obtain

T// R// 1 R/ 1 @//
=3+ + 5=
T { R pR p*9® }

We introduce separation constants as = —®”/®, A = (—1/c*)T"/T. We obtain
"+ u® =0, O(—w)=d(n), P (—7) =3P (n),
T+ X*T =0, T(0)=0.

|
R'+-R+(r—L)YR=0 Ra)=0.
p p?

We obtain
d(p) = Acosme + Bsinme, p=m?* m=0,1,2,...,
T(t) = sin(ctV')),

where A, B are constants. Moreover we have

R(p) = Jn(pVN), VA== Jn(@(™) =0, 2[">0, n=12.. .

The general solution is obtained as

b pri” cta'™
u(p, p,t) = Z Z Im (A cos mp + By, sinmyp) sin -

a

m=0 n=1
Let us write z = p/a. The initial condition for u; is then written as
oo o0 Cill'(m/) ,
a*(1—a2%) = Z Z #Jm/(:m:g? N (A coS' @ + By sSinm’ ).

m/'=0n'=1

Note that for m,m’ =1,2,---, we have

/ cos(m’p) cos(mp)dp = / sin(m/y) sin(mp)dp = T mm, / sin(m'¢) cos(my)dyp = 0.

—T —T —T

4

T



We multiply cos m¢y and integrate over (:

/ (1 = 2®) cos mypdyp = / Z Z cx x:z: o /))(Amrn/ cosm' @ + By sinm/ ) cos mpdip.
- m/=0n'=1
Using the orthogonality relations we find

(0)

CT,,

at

I (:z:x(m) ) A -

27Ta2<1 — £K2>(5m0 = 27T(5m0 Z Jo(l'ﬂjgg))AQn/ + 7'('(1 — 5m0> Z

n/=1 n’/=1

We then multiply J,, (:L‘l‘n ))x and integrate over x:

1
27Ta25m0/ (1 — %) Jp (wzl™ xdm-QmSmO/ Z c:v AOn,JO xx(o))J (z2\™)zdx
0

(1 — o) A T (227 T (220 vl

We note that
1
m 1
/ Jm(ngl, NI (zz™ ) zdz = 5 st (2026,
0

Hence we obtain
1

21a*0pmo | (1 — %) T (x2!™)xda
0

(0) (0)\2 (m) (m)\2
= 276,00 Aoy Jl(”;” L r (1 b,0) S A Jm“(;” S
We see that A,,, =0 if m # 0. When m = 0 we have

CTp Ji(x,)?

1
/0 (1—x )Jo(xxn)xdx = a_Aon 5

where z,, = :L‘n . The left-hand side is calculated as follows.

/0 (1= 2oy )adi xi4 Om”(xg SOV BOtdt [t =z
— x_lﬁ {x tJ1 — {tg(th)‘:n — 2/036" t2J1(t)dt} } [tJy = (t.J1)]
== [ e
—2

_ {tQJO‘ —9 / Jotdt] [T, = —Ji]
0

4
L

:—/ Jo(t)tdt

= x—tJl( )

n

. [tJo = (tJ1)']
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Therefore we obtain

8a®
Ap = ———.
0 cxd Jy(zy,)
Similarly by multiplying sin m and integrating over ¢, we find B,,,,, = 0 for all m,n. Finally
we obtain
8a® <~ Jo(pzJa) . ctall)
U(p,@,t) = (0)74 (0) 1 :
¢ o o [P () a

Alternative Solution Since it is clear from the equation that u does not depend on ¢, we
can solve the problem as follows. However the above method works even if initial conditions
depend on .

Let us write u as u(p, p,t) = u(p,t) = R(p)T(t). We obtain

T// R// 1 R/

— == +-=].

T [ R p R]

We introduce a separation constant as A = (—1/c?)T”/T. We obtain
T+ X3*T =0, T0)=0 = T(t)=sin(ctV\).

Moreover we have

1
R" + ;R+ AR=0, R(a)=0.

Tn

= R(p) = Jo(pV\), \/X:? Jo(z,) =0, 2,>0, n=12_...

The general solution is obtained as

S n\ . cta,
u(p,t) = ZAnJO <%> sin )
n=1

a

where A,, are constants. Let us write x = p/a. The initial condition for w; is then written as

n'=1

We multiply Jo(zx,)z and integrate over x:

1 1 oo
a2/ (1 — 2% Jo(z2,)0dr = / Z A o Jo(zxxy)Jo(xxy,)xd.
0 0 1

a

Thus we arrive at

1 2
/ (1 — 2 Jo(z2,)vdr = Ancx_nJl(xn)
0

asd 2




Homework Set 9, Problem 2 Solve V?[f(r)] = —1 with the boundary condition
f(a) =0 and f(0) finite.

Solution We note that
10 1 0 1
20 2
Vof = = —ar(r fr) +

sind 0p ) a Gy e

r2sin? 6
Therefore,

1 2
VIl = -1 e Sy =-1 & f4of=-L
r r
We find a solution f.(r) (a complementary function) to the homogeneous equation,
2
r+=f=0.
,

By assuming the form f, = 7%, we obtain k(k + 1) = 0 or k = 0, —1. Hence we have

B
fc(T) =A + ?7
where A, B are constants. Furthermore using the method of undetermined coefficients we
assume a particular solution of the form f,(r) = Cr?. By substituting this f, for f in
"+ %f/ = —1, we find
1
C=—-.
6
Thus a general solution is written as

B 1
F0) = )+ fylr) = A+ 2 - T
Since f(0) is finite, we can set B = 0. To satisfy f(a) = 0, we must choose A = a?/6.

Therefore we obtain




Homework Set 10, Problem 4 Find the Fourier transform of f(z) = 1/[1 + (z — 3)?].

Solution First we calculate g(z) = [~ _e e edy.

9] o) 0 s o
g(x) :/ e|#|@iumd,u:/ G“eiﬂxd,u—I—/ e“e“‘“du:/ 6(1ix)”d,u—|—/ ef(lﬂx)”d,u
> 0 —o0 0 0
1 12

- 1—ix+ 14+iz 1422
The result implies

1 [ ,
el = — g(x)e_““dx.
2m
Noting the inverse Fourier transform f =5 f f(z)e "™ dx, we obtain
~ 1 o0 1 . 1 & 1 -
_ - 7l,ul“d _ —ipu(z +3)d /
Fu) 27?/_001+(x—3)2€ v 27?/_001+:1:’2€ v
e—Siu 1 [e8) 2 v 6—3iu 1 00 i
=5 %] 112° Medy = 5 5 g(x)e " dx
1 .
— Ze Bing=lnl
7€ €

Alternative Solution We can also find f(u) directly.

[ T T = —3iu —ipz g
Jw) 27r/ 1+ (@—32° 727" /oo1+x2e v

1 3y e*Zﬂ‘T 00 efi,ux
= d d
Ar© /001 x+/m1+m 4

1 ] 00 l ) 00 67(1+ix)u
= —e " e “/ d:c—l—e“/ ————dx
1— oo 14z

= ie_?’i“ / / =)t ey + et / / —(14iz) tdtdm}
47 00 J—oo

1 " 00 7zxt fwct
=3¢ e 3 [e “/ e / dxdt—i—e”/ / d:cdt]
1
o3 {e / d(t)dt + 6“/ e 'o(t )dt}
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Homework Set 11, Problem 4 Find the solution of the heat equation u; — Ku,, = h
for 0 < x < oo satisfying the boundary conditions u,(0,t) = 0, u(z,0) = 0.

Solution Let us start by recalling that v, — Ku,, = h, —00 < x < oo with the initial

condition u(z,0) = 0 is solved as

t o)
u(z,t) = / / G(z,2',t — s)h(2, s)dx'ds,
0 J—o0

where G(x,2/,t) = 471th6_($_$/)2/41“ is the heat kernel.
We extend h as
h(z,t) x>0,
hE(JT, t) =
h(—z,t) x < 0.

Then we have

t 00
u(z,t) = / / G(z,2',t — s)hg(2', s)dx'ds.
0 J—-o0

We obtain
t oo t 0
u(z,t) = / / G(x, o't — s)h(2', s)dz'ds + / / Gz, 't — s)h(—2', s)dz'ds
0 Jo 0 J-oo
t 00 t 00
= / / G(x, o't — s)h(a', s)dz'ds + / / G(z,—2' t — s)h(2, s)da'ds
0 Jo o Jo
t 00
= / / Gz, o't — s) + Gz, —2',t — s)| h(z', s)dz'ds.
0 Jo
Therefore,

u(w,t):/ot/om\/ﬁ

[ef(xfx’)2/4K(tfs) 1 o (@e)? /AR (t-s) h(z', s)da'ds.



