Winter 2014 Math 454

More Solutions for Midterm 2

To prepare for the exam, read your notes (and lecture notes on the web site) in addition
to the textbook. Go over homework problems and quizzes. I wrote a few more solutions

to homework problem sets.



Homework Set 4, Problem 3 Solve the initial-value problem u; = Ku,, (K > 0) for
t > 0,0 < z < L, with the boundary conditions u(0,t) = u(L,t) = 0 and the initial condition
u(z,0) =2, 0<z<L.

Solution Assuming the form wu(z,t) = ¢(z)7T'(t), we have
¢t Ap=0, 0<z<L, ¢0)=¢(L)=0, T +AKT=0, t>0.

We obtain
nmwz nm
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and T'(t) = e M = e~ Kt Ty take into account the initial condition, we write

u(z,t) = i Ay (2)e KT,
n=1

Using the orthogonality for ¢,,, the coefficients A, are determined as
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Finally, the solution is obtained as

0 n+1
u(z,t) = 2L Z (=1) sin nzze_(””/L)th.
T n

n=1



Homework Set 5, Problem 5 Solve the initial-value problem for the heat equation
u; = Ku,, with the boundary conditions u(0,t) = T3, u,(L,t) = ®5 and the initial condition
u(z,0) = T3, where K, T}, ®y, T3 are positive constants.

Solution First we note that U"(z) = 0, U(0) = T, U'(L) = ®, is solved as U(z) =
T1 + ®5z. We also note the integrals
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Define v(z,t) = u(z,t) — U(z). This function obeys v; = Kv,,, t > 0,0 < z < L
with boundary conditions v(0,t) = 0 and v,(L,t) = 0, ¢t > 0, and initial condition
u(z,0) =T3 —U(z), 0 < z < L. Assume the form v(z,t) = ¢(z)T(t). We have
"+ Xp=0, 0<z<L, ¢0)=0, ¢(L)=0, T+ KT =0, t>0.
Two linearly independent functions eV=>* and e V=" (z and 1 for A\ = 0) satisfy
¢" + A = 0. Taking the boundary condition into account, we look for solutions of the
forms acosvAz 4+ bsinv/Az (A > 0), Az + B (A = 0), and AeV=>* + Be V= (X < 0).
Nontrivial solutions are found as

(n—YHm 2 -
An:(T)’ ¢n(z):sm\/)\_nz, n=12---.

We also obtain T'(t) = e M = e=*&? To find the solution satisfying the initial condition,

we write

a

v(z,t) = f: Apn(2)e KL
n=1

Using the orthogonality of ¢, the coefficients A, are determined as

[Ty = U(2)] du(2)d2 _ STy = Ty — @o2)sin(VAuz)dz 2 {Tg ~T, @,
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Finally, the solution is obtained as

An = _ _(_1)n+1
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u(z,t) = U(z) + ZAn@l(z)e*)‘"Kt =T+ $oz + ZA” sin (n_—e ,
n=1
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Homework Set 6, Problem 3 Find the solution of the nonhomogeneous heat equation
z
Up = Kuzz—i—ve_“tsin%, 0<z<L,t>0,

with u(0,t) = u(L,t) = u(z,0) = 0. Here a,v, K are positive constants.

Solution We write

R(z,t) = ve " sin =

L
We consider a Sturm-Liouville eigenvalue problem
¢" + Mg =0, ¢(0) = ¢(L) = 0.
Note that we imposed the same boundary conditions as u(z,t) satisfies. We obtain

nmwz nm
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6(2) = du(z) =sin e, A=Aa=(TF) . m=12..
We then expand u, R with ¢,.

u(zt) = Y un(t)u(2),  R(z,1) =) Ru(t)du(2).

By plugging these into the heat equation, we obtain
up, (t) = =X\ Kuy,(t) + Ry(t),

n

where u,(0) = 0 from the initial condition and R, (t) is obtained as

Jo R(z.0¢u(2)dz 2

L
R,(t) = = / (ve= )1 (2)Pn(2)dz = ve™5,.
fOL bn(2)2dz L Jo
We have
d
uy + M Kup =ve™™ = 7 (ul(t)e)‘lm) = peME-a)t
t e—at _ e—)\th
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Otherwise for n > 2, we obtain u), + A\; Ku,, = 0 = u,(t) = 0. Therefore we obtain
—at _ ,—(m/L)%Kt
u(z,t) = u1(t)p1(z) = . c sin -

a— (7/L)2K L

We note that we have % (w1 eMEt) = v if a = \K = 7K /L?. In this case, we obtain

u(z,t) = ui(t)d1(z) = vte” (D Kt gin %Z



Homework Set 7, Problem 3 Solve Laplace’s equation V?u = 0 in the column
0 <z < L, 0 <y < Ly with the boundary conditions u,(0,y) = 0, u,(Li,y) = 0,
u(z,0) =T, u(x, Ly) = Ty, where T} and T; are constants.

Solution If we write u(x,y) = ¢1(x)pa(y), we can introduce separation constants as
A= ), ¢—2 = \. We obtain

o1
1+ A1 =0, ¢1(0) = ¢\ (L1) =0
Thus,

2
61(z) = & (2) = cos 2L A=A, <””> L n=0,1,2,....
I I

Note that ¢y = <b2 is also labeled by n since it depends on A,. The solution is expressed as
= ¢ (@)y" (y)
n=0
We can write the last two boundary conditions as
Z " ) =T, > 6" (@)l (Lo) = To.
n=0
Using the orthogonality relations for ¢§")(x) we obtain

L L
o5 (0) / 6 (0)]2de = T, / 6 (@)dz = Ty Léro,
o(L )/W /asl 2)dz = Tyino.

That is, ¢{”(0) = ¢\ (Ly) = 0 for n > 1 and ¢ (0) = Ty, ¢ (Ly) = Ts. We have
= A2 =0 (A>0), ¢2(0)=¢2(L2) =0 = ¢ =0,

and
Ty — T
Py =0, $0)=T1, ¢2(La) =T = ¢o2=T1+ 2L 1y.
2
Finally,
Ty —T: T T:
w(e,y) = 0@ =1+ 2T, T T
Lo Lo Lo



