
Formulae

cosh x =
ex + e−x

2
, sinh x =

ex − e−x

2
, tanh x =

ex − e−x

ex + e−x

cosh2 x− sinh2 x = 1, cosh(−x) = cosh x, sinh(−x) = − sinh x

cosh(2x) = cosh2 x+ sinh2 x, sinh(2x) = 2 sinh x cosh x, tanh(2x) =
2 tanh x

1 + tanh2 x

cosh2 x =
cosh 2x+ 1

2
, sinh2 x =

cosh 2x− 1

2
, 1− tanh2 x = sech2 x =

1

cosh2 x
d cosh x

dx
= sinh x,

d sinh x

dx
= cosh x,

d tanh x

dx
= sech2 x =

1

cosh2 x

cos(A±B) = cosA cosB ∓ sinA sinB

sin(A±B) = sinA cosB ± cosA sinB

tan(A±B) =
tanA± tanB

1∓ tanA tanB

cosA cosB =
1

2
[cos(A−B) + cos(A+ B)]

sinA sinB =
1

2
[cos(A−B)− cos(A+ B)]

sinA cosB =
1

2
[sin(A+B) + sin(A− B)]

cosA sinB =
1

2
[sin(A+B)− sin(A−B)]

cosh(A± B) = coshA coshB ± sinhA sinhB

sinh(A±B) = sinhA coshB ± coshA sinhB

tanh(A± B) =
tanhA± tanhB

1± tanhA tanhB

coshA coshB =
1

2
[cosh(A+ B) + cosh(A−B)]

sinhA sinhB =
1

2
[cosh(A+ B)− cosh(A− B)]

sinhA coshB =
1

2
[sinh(A+ B) + sinh(A−B)]

coshA sinhB =
1

2
[sinh(A+ B)− sinh(A− B)]



Theorems

Theorem 1. For m,n = 1, 2, · · ·, we have
∫ L

−L

cos
nπx

L
cos

mπx

L
dx = Lδnm,

∫ L

−L

sin
nπx

L
sin

mπx

L
dx = Lδnm,

∫ L

−L

sin
nπx

L
cos

mπx

L
dx = 0.

Theorem 2. For m,n = 1, 2, · · ·, we have
∫ L

0

cos
nπx

L
cos

mπx

L
dx =

L

2
δnm,

∫ L

0

sin
nπx

L
sin

mπx

L
dx =

L

2
δnm,

∫ L

0

sin
nπx

L
cos

mπx

L
dx =







2Ln

π (n2 −m2)
for odd n+m,

0 otherwise.

Theorem 3. Consider the Sturm-Liouville problem

[s(x)φ′(x)]′ + [λρ(x)− q(x)]φ(x) = 0, a < x < b,

where ρ(x) > 0, with the boundary conditions

φ(a) cosα− Lφ′(a) sinα = 0, φ(b) cos β + Lφ′(b) sin β = 0,

where L = b − a, and α, β ∈ [0, π) are some parameters. Suppose that φ1(x), φ2(x)

are nontrivial solutions with different eigenvalues λ1 6= λ2. Then the eigenfunctions are

orthogonal with respect to the weight function ρ(x), a < x < b:
∫ b

a

φ1(x)φ2(x)ρ(x)dx = 0.

Theorem 4. For m,n = 1, 2, · · ·, we have
∫ L2

0

∫ L1

0

sin
mπx

L1

sin
nπy

L2

sin
m′πx

L1

sin
n′πy

L2

dxdy =
L1L2

4
δmm′δnn′ .



Cylindrical and spherical coordinates

x = ρ cosϕ, y = ρ sinϕ, z = z,

x = r sin θ cosϕ, y = r sin θ sinϕ, z = r cos θ.

Bessel’s equation

J ′′

m(x) +
1

x
J ′

m(x) +

(

1− m2

x2

)

Jm(x) = 0.

The Legendre equation

[

(1− s2)P ′

k(s)
]

′

+ k(k + 1)Pk(s) = 0.

Fourier transform

f(x) =

∫

∞

−∞

f̃(µ)eiµxdµ, f̃(µ) =
1

2π

∫

∞

−∞

f(x)e−iµxdx.

Gaussian integral

∫

∞

−∞

e−a(x−b)2dx =

√

π

a
, a > 0.

Green’s functions

The solution to
{

ut −Kuxx = h(x, t), t > 0, −∞ < x < ∞,

u = f(x), t = 0, −∞ < x < ∞,

is given by

u(x, t) =

∫

∞

−∞

G(x, x′; t)f(x′)dx′ +

∫ t

0

∫

∞

−∞

G(x, x′; t− s)h(x′, s)dx′ds,

where

G(x, x′; t) =
1√

4πKt
e−(x−x′)2/(4Kt).


